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PREFACE 


This report discusses work performed under NASA Contract NAS-8-31342 
for the George C. Marshall Space Flight Center, Marshall Space Flight 
Center, Alabama 35812. The cognizant technical officer was Mr. Frank 
Bugg. 

No new technology was developed during the course of the program. 
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DEVELOPMENT OF A SOLID PROPELLANT 
VISCOELASTIC DYNAMIC MODEL 
by 

W. L. Hufferd and J. E. Fitzqerald 

i t 

J. E. Fitzgerald & Associates 


ABSTRACT 

The results of a one year study to develop a dynamic response model 
for the Space Shuttle Solid Rocket Motor (SRM) propellant is presented. 

An extensive literature survey was conducted, from which it was con- 

I 

eluded that the only significant variables affecting the dynamic response 
of the SRM propellant are temperature and frequency. Based on this study, 
and experimental data on propellants related to the SRM propellant, a 
dynamic constitutive model was developed in the form of a simple power 
law with temperature incorporated in the form of a modified power law. 

A computer program was generated wKich performs a least-squares 
curve-fit of laboratory data to determine the model parameters and calculates 
dynamic moduli at any desired temperature and frequency. 

Additional studies investigated dynamic scaling laws and the extent 
of coupling between the SRM propellant and motor cases. It was found, in 
agreement with other investigations, that the propellant provides all of 
the mass and damping characteristics whereas the case provides all of the 
stiffness. In view of this result, the usual direct geometric dynamic 
scaling laws are valid for the SRM even though the propellant is a visco- 
elastic material with strong frequency dependent properties. 
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NOMENCLATURE 


= time-temperature shift function 
a = propellant grain inner radius 

A = cross-sectional area 

A^ = end-fixity parameter 

b = propellant grain outer radius 

c = specific heat capacity 

c = motor case outer radius 

C-j,C2 = Mooney-Rivlin constants 

e = small strain tensor 

E = tensile modulus 

E* = complex tensile modulus 

Eq = coefficient in power-law representation of dynamic modulus 

E-j = coefficient in power-law representation of relaxation modulus 

Eg = Long-time equilibrium relaxation modulus 
Eg = Short-time glassy relaxation modulus 
E|^ = coefficients in the Proriy series representation of the 

relaxation modulus 
Erei “ relaxation modulus 

g = acceleration of gravity 

G = shear modulus 

G* = complex shear modulus 
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Heaviside unit step function 
area moment of inertia 

first and second invariants of deformation tensor 

scale factor or shearing deformation constant 

bulk modulus 

complex bulk modulus 

stiffness matrix 

propellant grain length 

exponent in temperature shift-factor representation 
mass matrix 
acceleration in g*s 

exponent in power-law representation of dynamic modulus 

hydrostatic pressure 

nodal point displacement vector 

nodal point force vector 

strain rate in constant strain rate test 

case thickness or stress tensor 

temperature 

experimentally determined constant in temperature shift- 
factor representation 
glass transition temperature 
Tg + 50°C 

reference temperature ' 
strain energy 
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e = dilatation or uniaxial strain 
e* = complex strain amplitude 

6 = loss tangent 

6g = loss tangent in bulk 

(Sg = loss tangent in extension 

= loss tangent in shear 
6(t) = Dirac delta function 

3 = 1/6 

— = temperature use rate 

/ 

p = density 

= characteristic time 

T|^ = time constant in Prony series representation of 

relaxation modulus 
a = uniaxial (or shear) stress 

o* = complex stress amplitude 

V = Poisson's ratio 

0 ) = frequency 

= circular frequency coefficient 
? = structural damping coefficient 


Superscripts ; 
m = model parameter 

' = prime = real part of complex quantity 

" = double prime = imaginary part of complex quantity 
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Subscripts : 


c = case property 

p = propellant property 



DEVELOPMENT OF A SOLID PROPELLANT 
VISCOELASTIC DYNAMIC MODEL 


I . INTRODUCf ION 

The overall objective of tfie work reported herein was the develop- 
ment of a physically realistic dynamic viscoelastic response model for 
the Space Shuttle Solid Rocket Motor (SRM) propellant. Specific tasks 
included: 

TASK A: Literature survey to identify and delineate all 

pertinent variables which affect the dynamic 
viscoelastic response of the SRM propellant. 

TASK B: Develop a dynamic viscoelastic response model 

for the shuttle SRM propellant including the 
effects of all variables found in TASK A to 
significantly influence the propellant dynamic 
viscoelastic response. 

TASK C: (1) Demonstrate coupling between the SRM pro- 

pellant and the motor case. 

(2) Demonstrate scaling laws and give extrapo- 


lation limits. 



(3) Document and furnish the SRM propellant 
dynamic viscoelastic response model in the 
form of a computer program compatible with 
the MSFC UNI VAC 1108 computer. 

All objectives have been met. The following sections describe the 
investigations leading to the development of the dynamic response model 
for the SRM propellant discussed in Section V. 

I 

The studies related to TASK C are presented in Section VI. 

, The literature survey compiled under TASK A and presented as a 

special report [1]* has been updated and is included as Appendix A. 

Appendix B includes a listing and documentation, including examples, 
• .. 

for the computer program for the DYNamic VIScoelastic response model 
(DYNVIS). -A card deck for the computer code has been submitted to the 
Marshall Space Flight Center as Appendix C to this report. 

All .propellant data used in the development of the dynamic consti- 
tutive model and its validation were obtained from published reports of 
experimental studies conducted by Thiokol/Wasatch Division [2] at the 
University of Utah [3]. The University tests were conducted on UTI-610 
propellant, an inert PBAN propellant used in dynamic model tests of the 
SRM at the NASA/Langley facility. The Thiokol tests were conducted on 
live and inert propellant with characteristics similar to the shuttle 
SRM propellant. 

f 

i^ 

_ 

Numbers is square brackets refer to references listed at the end of the 
main body of the report. 
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II. SUMMARY OF ACCdMPLISHMENTS 


All requirements and objectives of the program have been met. 

An oral presentation with viewgraphs was made at The George C. 
Marshall Space Flight Center on 24 April 1976 to the Technical Monitor, 

Mr. Frank Bugg and to personnel of Brown Engineering Company, led by 
Mr. Malcolm Tagg. Suggestions and comments arising from that presentation 
have been included. 

2.1 TASK A - IDENTIFICATION OF PERTINENT VARIABLES AFFECTING DYNAMIC 
RESPONSE 

The literature survey was completed and published as Special 
Report No. 1 in August 1975. This report, updated, and included here as 
Appendix A, lists pertinent references and includes a critical review or 
abstract of each article. 

The primary source was the extensiv'e Solid Rocket Structural Integ- 
rity Library developed originally under contract to Edwards Air Force Base 
by the Firestone Flight Sciences Laboratory of California Institute of 
Technology, and later taken over and maintained by the College of Engineer- 
ing, University of Utah. This library includes not only open literature 
sources, but extensive holdings of pertinent governmental laboratory reports 
and industry technical reports which normally receive only limited distri- 
bution. . 

% 

This source was supplemented and updated by personal acquisitions of 
more recent reports with special emphasis bn the NASA/Langley 1 /8-scale 
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dynamic model tests and Thiokol /Wasatch reports and data on the SRM 
propellant physical properties. 

The variables selected for examination were: 

Temperature 

Humidity 

Frequency 

Pressure 

Strain Level (both static prestrain and dynamic strain) 

Aging 

Epoxy/Curative Ratio 
Internal Heat Generation 
Damage Effects 

2.2 TASK B - DEVELOPMENT OF DYNAMIC RESPONSE MODEL 

Based on measured propellant dynamic response over the anticipated 
frequency and temperature range of interest to the Shuttle SRM, a power 
law of the form 


E = Eq imjf 


( 1 ) 


was selected for representation of the real (storage) and imaginary (loss) 
components of the propellant tensile or shear modulus. In Equation (1), 

Eq represents the baseline modulus at a temperature-reduced frequency, 

(uaj, of 1 Hz; that is at a frequency of 1 Hz at a given reference 
temperature T^. The exponent n represents the slope. of the log.jg( modulus) 
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versus log-|Q( a^) curve and a^ is the time-temperature shift factor.* 

The variables found to have a potentially significant influence 
on the SRM propellant dynamic response consisted of: 

A. TEMPERATURE, accounted for through the use of the 
time-temperature shift factor aj (see Section 4.1). 

B. FREQUENCY, accounted for as shown in Equation (1) 

(see Section 4.1). 

C. HUMIDITY may be accounted for through moisture-time- 
temperature superposition; however, the nature and 
moisture diffusivity of the shuttle SRM is such as 

to render humidity effects, negl igible (see Section 4.2,). 

D. PRESSURE, over the range of bulk strain levels in the 
shuttle SRM pressure effects are statistically insig- 
nificant (see Section 4.4). 

E. STRAIN LEVEL, including static prestrain and dynamic 
imposed strain, is insignificant (see Section 4.3). 

F. AGING effects, for motors over six months old, are 
accounted for by direct testing of aged propellant 
samples. The counter-balancing effects of oxidative 
cross-linking and/or continued post-cure reactions 
versus hydrolytic chain scission produce negligible 
effects for motors less than six months old (see 
Section 4.5). 

*A11 logarithms referred to herein and in figures are taken to 
the base 10. 
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G. EPOXY/CURATIVE RATIO is the usual quantity which is 
adjusted, as a quality control measure, based on the 
functionality of the pre-polymer tomaintain moduli 
within specified limits. Thus, its effect is not 
included in the model (see Section 4.6). 

H. INTERNAL HEAT GENERATION is negligible for the 
duration and level of dynamic strains encountered 
in the shuttle SRM (see Section 4.7). 

I. DAMAGE effects are concluded to be negligible for 
the range of static and dynamic strain levels and 
histories encountered in the shuttle SRM (see 
Section 4-8). 

2.3 TASK C - COUPLING, SCALING AND COMPUTER CODE DEVELOPMENT 

2.3.1 Coupling Between SRM Propellants and Motor Case 

Based on .simplified assumptions an.d analyses, it is concluded that, 
similar to other solid rocket motors, the SRM propellant provides the mass 
and damping characteristics and no stiffness; whereas the case provides the 
stiffness and has negligible contribution to the mass or damping character- 
istics under vibratory loading. Analyses in support of these conclusions 
are presented in Section 6.2. 

2.3.2 Scaling Laws 

Again, based on simplfied assumptions and analyses, which are never- 
theless representative of more detailed analysis results, it is concluded 
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that simple straight geometric scaling can be used to predict the proto- 
type SRM response based on scaled dynamic model tests even with the strong 
frequency and temperature dependence of the SRM propellant. 

Details of these analyses are presented in Section 6.1. 

2.3.3 Computer Code Development 

Based on the results of the above tasks a computer code has been 
developed in standard ANSI Fortran IV which will perform a least-squares 
curve-fit of master modulus versus temperature-reduced frequency test data 
to determine the parameters and n in Equation (1), and/or predict the 
dynamic modulus as a function of temperature and frequency, given E^ and n. 

The computer code is applicable to the real and imaginary parts of 
the tensile or shear modulus and can predict response of any of these modu- 
lus components at different frequencies and temperatures. If both real 
and imaginary components of the modulus are input, then the loss tangent 
defined by 


rii pn 

tan6 = p- 0^* ^ (2) 

is also calculated. 

Output of the computer program has been formatted in SI units; 
however, scaling from British to SI units is such that the inner logic 
of the code permits either system of units to be used. 

A listing and documentation for the computer code, including 
examples of its use, are included as Appendix B to this report. A card 
deck for the computer' program has been submitted to the Marshall Space 
Flight Center, care of Mr. Frank Bugg, as Appendix C, under a separate cover. 
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2.4 NEW TECHNOLOGY 

No new technology was developed during this program, inasmuch as the 
purpose was the integration and utilization of proven technology in the 
development of the SRM propellant dynamic response model. 
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III. VIBRATION OF SOLID ROCKET MOTORS 

I 

Generay surveys of vibration effects on solid rocket motors have 
been presented by IBM [4], Hufferd and Fitzgerald [5], Fitzgerald and 
Hufferd [6], Achenbach [7], and Baltrukonis [8]. An extensive bibli- 
ography, including abstracts, was prepared during the course of this 
research [1] and is presented as Appendix A to this report. This section 

f 

presents an overview of the problems associated with vibration of solid 
rocket motors, structural analysis procedures, specific results of dynamic 
analyses of the shuttle SRM, and a discussion of the complex eigenvalue 
approach for solving viscoelastic vibration problems. 

3.1 GENERAL DISCUSSION 

Compared to other structures, solid propellant rocket motors possess 
rather unique structural features. Whereas the mass of the propellant is 
very large compared to the mass of the thin-walled case, the propellant is 
generally compliant and contributes little to the stiffness of the composite 
structure, affecting the gross dynamic behavior of the motor mainly through 
its mass. Furthermore, since propellants are viscoelastic materials, the 
propellant provides considerable damping to the system. Consequently, 
transient effects attenuate very quickly and steady-state oscillations require 
a high energy input since a large amount of energy is dissipated. 

Energy dissipation can give rise to serious secondary effects due to 
the characteristically strong temperature dependence of propellant mechanical 
properties. A continuing energy'input may give rise to substantial increases 
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in temperature with subsequent deleterious effects on propellant response. 
Moreover, in rocket motor vibrations, energy is coupled into the propellant 
grain from the vibrating case by the inertial reaction of the mass of the 
propellant grain to the accelerating case. Disregarding inertia and material 
property degradation, large temperature increases are encountered whenever the 
applied stress or strain exceeds a certain critical value. The combination 
of temperature-dependent properties and inertia leads to the possibility of 
temperature and displacement jump instabilities which are similar to the 
phenomena observed in a nonlinear spring-mass system in which the spring 
' softens with increasing displacement. 

In considering the vibration response of solid rocket motors, two 
propellant physical property parameters are of particular significance. These 
are the log-log slope of the reduced relaxation modulus in the time-temperature 
region of interest (slope of the curve log modulus versus log reduced time) 
and the slope of the log shift factor, a.j., versus the temperature range of 
interest. The amplication factbr at resonance (with or without jump instability 
effects) which, along'with the acceleration level, determines the peak strains 
imposed on the propellant is a function of the relaxation modulus slope only. 

As this slope decreases (i. e. , as the propellant becomes more elastic and 
less viscoelastic) damping decreases and the propellant strain amplitude at 
resonance increases. Conversely, as the slope increases, corresponding to 
an increase in viscous response, the strains at resonance decrease and the 

I 

resonance broadens. With all other factors equal, a propellant with a large 
slope would be subjected to smaller deformations at resonance. 

The slope of the shift factor versus temperature curve is a measure of 
the temperature sensitivity of the viscoelastic properties of a propellant. 
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Since the mechanical property temperature sensitivity along with inertial 
loading conditions produces the nonlinear jump instability effect, it 
follows that for otherwise identical conditions, the jump in stability effect 
will be most predominant for propellants which have a large shift factor 
versus temperature slope. 

The thermomechamcal coupling problem has been studied for rods 
under longitudinal vibrations [9], slabs under lateral vibrations [10] and 
cylinders under axial shear vibrations [11]. Additional studies have 
investigated the influence of temperature-dependent properties and thermo- 
mechanical coupling on propagating discontinuities [11 - 16]. For a shear 
mode of vibration, for example, these investigations have shown that the 
rate of mechanical dissipation, and hence heat generation, is proportional 
to the square of the magnitude o'f the shear strain (or stress). This 
result leads to the observation that heat generation is greatest in areas 
of high local stresses or strains such as 'occur at a star valley or a case- 
grain termination point. Maximum dissip'ation also occurs at the natural 
frequency of the system, although significant temperature rises have been 
observed at frequencies equal to about bne-half the natural frequency. 

Results have also shown that an increase in slab thickness (i.e., 
grain web thickness) will increase the steady state temperature, assuming 
that strain is unchanged. The equilibrium temperature is linear in 
frequency and loss modulus, and a quadratic function of the slab thickness 
and the strain [4,5]. Disregarding the t'emperature dependence of the loss 
modulus, doubling the slab thickness (grain web thickness) results in a 
fourfold increase in the steady-state temperature. 
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The above discussion has been concerned only with what might be 
called "reversible" therniomechanical effects resulting from the propellant 
thermoviscoelastic properties and cyclic loading conditions. "Irreversible" 
effects which include fracture, degradation or decomposition effects and 
autoiqnition which can be the result of the combined high temperature and 
cyclic strain conditions of the vibratio'n environment have not been 
accounted for. These phenomena, are, of course, also of paramount import- 
ance; however, the establishment of a failure criterion for the thermal - 
vibration environment is a difficult task. Experience has shown that for 
the conditions usually encountered in soTid rocket motor vibration, frac- 
ture or severe degradation will usually precede and prevent temperature 
rises to levels at which autoignition will occur. Propellant suscept- 
ibility to fracture under prescribed vibration conditions is a significant 
factor in practical situations, however, and is found to vary significantly 
from propellant to propellant as well as for various transient loading 
conditions. 

The problems of physical or chemical degradation for the combined 
thermomechanical environment is undoubtedly the most difficult and least 
understood of the failure mechanisms known to be significant for vibration, 

f 

of solid propellant. Degradation of CTPB propellant under sustained 
vibration has been shown by Tofmey and Britton [17]. Degradation of other 
composite propellant formulations has also been shown [12, 13, 15, 16]. 

3.2 STRUCTURAL ANALYSIS PROCEDURES 

Depending on the particular loading conditions it is often sufficient 
to study only the gross dynamic behavior of a solid rocket motor, whereas 
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other loading conditions require consideration of local dynamic 
behavior. 

3.2.1 Gross Dynamic Behavior 

The analysis of gross dynamic behavior can be carried out by employ- 
ing a simple model which describes the Ib'west ‘flexural and longitudinal 
modes only. The dynamic analysis of siicfi a simple model is straightfor- 
ward and is discussed in many textbooks, see for example [18]. The one' 

difficulty is the selection of the approp^riate mass and stiffness para- 

« 

meters of the simple model. Generally the bending and longitudinal stiff- 
nesses of the propellant grain are neglected relative to the casing stiff- 
ness, but the mass of the propellant is taken into account. For gross 
dynamic behavior such a simple model is ac^equate for engineering purposes, 
as shown by Gottenberg [19], who has reported on an experimental investi- 
gation of steady-state transverse vibrations of a long steel cylindrical 
tube containing an inert propellant with' a circular perforation. Many 
bending modes were detected, and the lowest mode was compared with the 
predictions of a simple beam theory as described above. The comparisons 
were satisfactory. Difficulties were encountered in detecting modes other 
than bending modes, but one axisymmetrifc; lontitudinal mode and a few 
breathing modes were identified. For a full scale four-stage solid pro- 
pellant research vehicle, analytical and experimental results on the 
frequencies and mode shapes of the three lowest modes were compared by 
Leadbetter, et al . [20]. In the experiments the fuel mass was simulated 
by weights. Good agreement for the thr’ee mode shapes and the lowest 
natural frequency was observed. 
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From the above investigations it has been found that the maximum 
amplitude ratio of the response to the excitation and the phase angle 
by which the response lags the excitation are simply related to the loss 
tangent of the propellant for the lowest longitudinal and flexural modes 
of vibration. A slightly more complicated expression results for lateral 
vibration of the case-grain interface with a higher amplification factor 
because of the strong influence of the case stiffness. A typical value 
of the loss tangent of composite site propellants is about 0.5 [5,6]. This 
value gives use to an amplification factor between 2 and 2.25 [5,6]. The 
log-log slope of the relaxation modulus 'curve typically ranges between 
0.1 and 0.3 for propellants [5,6]. 

3.2.2 Local Dynamic Behavior 

To study local dynamic behavior it is necessary to consider a much 

more complicated mathematical model in which the grain is represented by 

a deformable viscoelastic continuum. Th'e analysis of such a model also 

provides guidelines to select in a more' rational manner stiffness and 

inertia parameters for the simple models which are used for gross dynamic 

* 

behavior. To make the model tractable to analytical treatment, several 
idealizations are normally made to deal with the -complex geometry of the 
port, the end conditions and the intricate material behavior of the propel- 
lant. As an initial model one might consider an infinitely long composite 
cylinder with a rigid outer layer and a very compliant, linearly elastic 
core with a circular port. The early analytical work on the dynamics of 
solid propellant rockets was generally concerned with this rather crude 
model. This initial work, which was- reviewed by Baltrukonis [8], has 
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now been superseded by studies which include the effects of an elastic 
casing by considering a composite cylinder of two concentric layers both 
of which are infinitely long (see, e.g., [7]). Since the outer layer, 
which represents the motor casing, is usually thin relative to its 
mean radius, shell theory may be used in describing its behavior. Not 
much progress has been achieved in recent years in dealing with problems 
resulting from the complicated internal perforations, and the state of 
affairs with regard to analytical solutions is largely still as reported 
by Baltrukonis [8]. The internal passages in the grain are usually three 
dimensional in character with shapes dictated by considerations of Internal 
ballistics. For an infinitely long rigidly encased elastic cylinder 
.with a star-shaped port some infbrmation on natural frequencies -of axial 
shear vibrations has been obtained by employing conformal mapping tech- 
niques. The problem of end conditions has been more successfully attacked 
recently and a few studies are available ’dealing with models of finite 
length [3]. 

^ i 

The complications stemming from the viscoelastic behavior of the 
propellant are conceptually not difficult to overcome if the material 

t 

behavior is essentially linear [5-7]. 

A major reason for the decline, in the last ten years, in the further 
development of analytical vibration models has been the development of 
finite element models for the steady state vibration of solid propellant 
rocket motors [21-25]. 

The finite element models lead to definition of a stiffness matrix, 
a mass matrix and a damping coefficient matrix for the discretized system. 
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Lumped-mass and consistent-mass methods are used for defining the mass 
distribution. The lumped-mass method concentrates the element masses in 
a manner that maintains the location of the center of mass of the struc- 
ture, whereas, in the consistent-mass approach the mass is' represented as 
it is actually distributed in the structure; In practice, better agreement 
has been obtained using the lumped-mass approach. This approach requires 
a large number of coordinate points for accurate analysis of systems with 
primarily distributed masses; however, tHe mass matrix for the entire 
structural assemblage is diagonal and positive definite, thereby reducing 
computation times. On the other hand, Ihe consistent-mass approach 
requires excessive computational effort to obtain a desired degree of 
accuracy. 

Damping matrices can be derived analogous' to those used for the mass 
and stiffness matrices of appropriate internal damping characteristics. 

V 

Propellant damping is accounted for using the dynamic complex representa- 
tion of material properties. 

In dynamic problems, Hamilton's variational principle is frequently 
used to derive Lagrange's equations of motion for the discrete system. In 
the absence of damping the system of equations to be solved has the form 

[M] {r(r)> + [K]{r(t)> = {R(-t)> (3) 

where the mass matrix [M] is composed of the element masses, {R{t)} repre- 
sents the vector of nodal point forces at time t, and {r(t)} represents 
the vector of nodal point displacements at time t. The natural frequencies 
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of the system are obtained by taking the nodal point force vector R(t) 
to be the null -vector. 

For damped systems it is necessary to employ modal damping to obtain 
solutions for the damped. structure. Several methods are available for 
introducing damping for a propellant grain*. An effective damping coef- 
ficient, may be defined by 


l^^eff^ 



( 4 ) 


where [K"] represents the imaginary part of the complex stiffness matrix. 
Some structural codes, such as NASTRAN, employ a structural damping 
coefficient, defined by 


^ ’ 2 

where G" and G' are, respectively, the imaginary and real part of the 
complex shear modulus. 

More directly, steady state dynamic viscoelastic analyses may be 
obtained from the corresponding elastic counterpart, employing the visco- 
elastic-elastic correspondence principi'et in which all elastic material 
constants are replaced by thei^ corresponding viscoelastic counterpart 
expressed as-frequency dependent complex numbers, i.e., 

E -V E*{i(o} = E'(w) + iE"U) 

G ^ G*(iw) = G*(w) + iG"((«)) 

K K*(io)) = K'(u) + iK"(w) 

v*(i ) = v'{w) + iv"{w) 
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where K denotes the bulk modulus and v represents Poisson's ratio. Lames 
relations still hold among the complex moduli in the frequency plane so 
that 


v*(iw) 


1 E*(iio) 

2 ■ 6K*(iw) 


(5) 


An elastic material is represented in this notation by a complex modulus 
with a real part which is constant with frequency and imaginary part 
which is zero for all frequencies. The common assumption of a constant, 
elastic bulk modulus implies that the dynamic Poisson's ratio will contain 
a nonzero imaginary part as discussed in Section 3.4. Equation (3), for 
’ the natural frequencies of vibration, then takes the form 


[-A + K' + iK"] {r*} = 0 


or 


-03^M 


K" 




( 6 ) 


(7) 


The above replacement leads to a system of equations with twice as 
many unknowns as the corresponding elastic problem; however, the solutions 
may be obtained in a manner analogous to the static case. Obvious simpli- 
fications are noted if the problem is handled throughout in complex 
arithmetic. 
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Two general techniques are employed for solving the equations of 
motion for vibration loading. The first consists of direct step-by-step 
integration of the simultaneous differential equations. The response 
history is divided into a sequence of time increments of equal length and 
the equations of motion are formulated on an incremental basis. The motion 
computed during each time increment is added to the conditions at the 

4 

beginning of the increment to obtain the condition^ at the end. Thus, the 
response is evaluated step-by-step through the desired time range, starting 
with any given initial condition. In a nonlinear system the stiffness may 
be changing as the structure responds, but it is normally assumed that it 
remains constant during each time increment; provided that these increments 
are made short enough. The acceleration is assumed to vary linearly during 
the time increment, which leads to expressions for the change in accelera- 
tion (and velocity) in terms of the initial conditions and the change of 
displacement. 

The incremental equations of motion are solved by standard static 
analysis methods; for example. Gauss elimination. 

In the second method of solving the equations of motion, the equations 

are first decoupled by transforming to normal (mode shape) coordinates 

which are solved independently mode by mode, and the modal results super- 

posed to obtain the total response. In this method, known as mode super- 

position, the displacement vector is expressed as a linear combination of 

mode shapes. Substitution of this expression into the equations of motion 

t h 

results in a single uncoupled eq’uation for the n mode of the system. 

The solutions of each modal response equation are obtained by any convenient 
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procedure. For arbitrary loading histories, the Duhamel integral provides 
an efficient solution. Once the time history for the generalized coordin- 
ate of all significant modes has been obtained, the modal displacements 
are obtained by superposition. 

The mode superposition method is Advantageous if the essential 
dynamic response of the structure is contained in the first few mode shapes. 
This will be the case if the applied loalJ can be approximated reasonably 
well by inertia force patterns associated with the first few modes, and 
if the frequency content of the input is largely represented by, the corres- 
ponding lowest frequencies. In cases where the applied load distribution 
is extremely complex or the time variation contains significant high fre- 
quency components, it is necessary to include many modes of vibration to 
obtain adequate accuracy by mode superposition. In this case, the step-by- 
step direct integration may be more efficient. Direct integration must be 
employed in any case if the structural response is nonlinear due to either 
material or geometric effects. 

Thq response to transient loading is most readily obtained by first 
obtaining the response to a unit impulse by mode superposition or direct 
integration and then using the Duhamel convolution integral for the pre- 
scribed loading. Random vibration is handled in a similar manner by inte- 
grating the power spectral density curve describing how the excitation 
energy is distributed over the frequency range to obtain an rms value for 
the excitation level. 
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3.3 VIBRATION ANALYSES OF THE SHUTTLE SRM 

Several vibration analyses of the space shuttle SRM have been con- 
ducted fay IBM [4,26] and Thiokol/Wasatch Division [2]. Additional one- 
eighth scale dynamic model tests have been conducted by the NASA/Langley 
facility with the experimental results presented in a preliminary report 
[27]. Analyses of the one-eighth scale models has been carried out by 
Grumman Aerospace Corporation [28]. Some of the results of these investi- 
gations are summarized herein for later fcomparative purposes in Sections 
6.1 and 6.2 related to scaling of- frequency response data and coupling 

between the motor case and the propellant grain. The results also indi- 

*■? 

cate that reasonably good agreement is obtained from simplified analyses 

j t 

of dynamic response with more sophisticated NASTRAN analyses and experi- 
mental results. 

IBM [4] conducted simplified and NASTRAN analysis for, among other 
things, longitudinal through the thickness shear vibrations. They also 
investigated the effects of moduli and~ghain length. The properties shown 
below, representative 'of the shuttle SRM, v^ere used in their analysis for 
longitudinal shear vibrations:* 

a = 20 inches 
b = 70 inches 
Pp = 0.064 Ib/in^ 

Vp = 0.495 

*Where data has been taken from -other sources in which the data was 
originally presented in British Engineering units, we have not converted 
such data to SI units to avoid introducing additional errors of trans- 
1 ati on . 
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They assumed the outer boundary to be rigidly clamped. In addition, based 
on information received from United Technology Corporation (now known as 
United Technologies Chemical Systems Division, UTCSD), two different 
expressions were used for representation of the dynamic complex shear 
modulus, depending upon strain level. For low strains the representation 

??0 

G' = 2800 

was used in their simplified analysis, and 
G = 6244 (1 + 0.384i) 

was used in their NASTRAN complex eigenvalue analysis. A value of 
G = 6244 was used in a NASTRAN real eigenvalue analysis. 

At high strains, the corresponding representations were 

G' = 900 

and 

G = 1365 (1 + .245i) 


The simplified analyses were carried out using the expression 


(0 

n 



( 8 ) 


where is a circular frequency coeffi'fcient which depends on the ratio 
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a/b, as discussed in Section 6,1. Table I presents the results for the 
first natural frequency using Equation (8) and a NASTRAN real and complex 
eigenvalue analysis, including the effects of length as determined from 
the NASTRAN analysis. 

IBM subsequently conducted a more complete NASTRAN analysis of longi- 
tudinal shear vibration including coupling with the case [26] and forced, 
vibrations. These analyses treated several geometries which included more 
realistic representations of propellant gr:ain configuration w-ith forward 
and aft skirts, nose cone and nozzle attached, A constant shear modulus 
of 1333 psi and a loss tangent of 0.246 were used in all analyses. The 
results indicated several longitudinal modes below 50 Hz with the first 
in the neighborhood of 15 Hz with a maximum shear strain of 0.95%. 

The NASA/Langley Research Center has conducted dynamic tests of one- 
eighth scale models of the shuttle SRM arid mated external tank model. 

Three propellant grain configurations were manufactured by UTCSD using inert 
UTI-610 propellant which has the same binder-fuel -curative components as 
UTP-3001 propellant used in the TITAN III-C with inert sodium chloride 
and inert ammonium sulphate substituted for the live, oxidizer, ammonium 
perchlorate. All had 0.1875 inch thick aluminum shells and were 19.5 
inches in diameter and 147.32 inches long. The propellant length was 
approximately 145.4 inches. The propellant grain inner diameters were 
varied to represent lift-off, mid-burn and end-of-burn configurations. 

The preliminary model test at NASA/Langley [27] for the lift-off 
configuration indicated the first bending mode at 54.1 Hz, the first 
torsional mode at 135.3 Hz and the first longitudinal mode at 149.7 Hz. 
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TABLE I 


RESULTS FOR THE FIRST NATURAL FREQUENCY RESPONSE 
OF FIRST IBM DYNAMIC ANALYSIS 
OF SHUTTLE SRM [4] 


Low Strains High Strains 


Equation (8) 

38,1 

Hz 

17,9 

Hz 

Real Modulus 

38.2 

Hz 

^ 17.9 

Hz 

Complex Modulus 

38.8 

Hz 

18.0 

Hz 

L = 100 inches 

37.0 

Hz 

17.3 

Hz 

L = 150 inches 

37.7 

Hz 

17.6 

Hz 

L = 300 inches 

38.2 

Hz 

17.9 

Hz 
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Grumman [28] has also conducted dynamic analyses of the SRM models 
tested at the NASA/Langley facility using NASTRAN. They used a constant 
modulus of elasticity of E = 25,000 psi (G = 8333 psi) and a loss tangent 
of 0.52 based on material property data supplied by UTCSD.* 

The results of Grumman 's NASTRAN analysis for the lift-off configu- 
ration gave the first bending mode at 56.2 Hz (compared to 58,4 Hz for 
simple beam theory), 168,3 Hz for the first torsional mode (compared to 
161 for simple beam theory) and 196 Hz for the first longitudinal mode 
(compared to 180 for simple beam theory). 

Part of the reason for the discrepancy between Grumman 's analyses 
and the experimental results of NASA/Larigley may be attributed to the fact 
that the material properties used by Grumman are probably unrealistic for 
the actual test conditions. 

The final set of analyses conducted on the shuttle SRM, to be dis- 
cussed herein, were conducted by Thiokol/Wasatch Division [23] on a model 
312 inches long, a grain 0,D, of 146 inches and an inner port diameter of 

67 inches using properties of tP-H1123 and H-13 (inert TR-H1123) propel- 

♦ 

lant, which are similar to the shuttle SRM propellant. Their results indi- 
cated a first longitudinal thickness shear mode at 14.6 Hz with G' = 650 
psi for TP-H123 propellant and 11.4 Hz with G' = 380 psi for H-13 inert 
propellant at 70°F. The natural frequencies varied from 8.6 Hz at 40°F 
to 26 Hz at 90°F for the first longitudinal shear mode. 


*Subsequent conversations with Dr. Lamar Deverall of UTCSD indicated that 
the data provided by UTCSD was obtained using a piezo-electric device 
which results in strain levels of micro-inches/-inch. These values are 
unrealistically high for the shuttle SRM. 
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3.4 COMPLEX EIGENVALUE APPROACH TO SOLVING VISCOELASTIC VIBRATION 
PROBLEMS 

The usual relations developed for dynamic viscoelasticity apply 

when only one modulus is involved, such as the tensile modulus, E', E"; 

S? 

shear modulus, G', G"; bulk modulus K' , K"; or Poisson's ratio, v', v". 
However, when one more than one modulus is involved, or assumptions are 
made regarding the bulk response, certain consistency relations are 
required of the various loss tangents (i.e., damping coefficients), 


tan 6r = rT 


E" 

E’ 


tan 6r 


G" 

G' 


tan 6 


K 


1C" 

K’ 


tan 6. 


V V 


(9a) 

(9b) 

(9c) 

(9d) 


If the last listed, i.e.. Equation (9d), is non-zero, then the lateral 
contraction is out of phase with respect to the major elongation which 
is perpendicular to it. 

The consistency relations required between the various moduli and 
their physical consequences are discussed in this section. 

In. pseudo- 1 inear first order theories of isotropic elasticity and 
viscoelasticity, Poisson's ratio, v, is defined in terms of Young's 
modulus, E, and the shear modulus, G, through the well known Lame relation 
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^ " 20 +^ 


(10) 


Solving (10) for v yields 


E , _ E-2G 
■ 2G " ‘ 2G 


( 11 ) 


For steady state vibration problems, one often uses the complex 
eigenvalue approach wherein the moduli, E and G, are decomposed into real 
parts, E’, G’ and imaginary parts E", G", i.e., 

E = E' + iE"; G = G’ + iG" (12) 

Substituting Equation (12) into Equation (11) and grouping the real and 
imaginary parts then yields the real and imaginary parts of Poisson's ratio, 

V, 

V = v' + iv" (13) 


where 


, G'(E'-2G') + G"(E"-2G) 
^ 2(6'' + G"^) 

and 


(14) 


„ _ E"G‘ - E'G" 

“ 2(G“ + G"^) 


(15) 
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Defining the loss tangent, tan 6, as the ratio' of the imaginary to 
the real part of a modulus, the loss tangent in extension and the loss 
tangent in shear can be denoted, respectively, as 


r n 

tan extensional loss tangent 

t £ 

r “ 

tan shear loss tangent. 

o b 

Thus, Equation (15) may be rewritten as 

(tan 6^ “ tan 6g)E'G' 

= 2(6'^ + G"^) 


(16a) 

(16b) 


(17) 


In Equation (17), it is seen that the denominator is always a positive 
real number for materials with shear resistance (as is the product in the 
numerator), E'G'. Thus, either v" is 2 ero or non-zero. 

If the loss tangent in extensional tests differs from the loss 
tangent in simple shear tests, the term in Equation (17') 

tan - tan q / 0 (1^) 

and v" is non-vanishing. 

For materials of the above type wherein tan 6^ ^ tan an exten- 
sional steady state vibration test will produce lateral strains out of 
phase with the longitudinal strains. This will result in an oscillatory 
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volume change leading to possible damage and subsequent- extensional modulus 
reduction of the material. 

If, on the other hand, the loss tangents are found to be equal in 
extensional tests and simple shear tests, then from Equation (17) we see 
that the Imaginary part of Poisson's ratio vanishes; i.e., v" = 0. The 
experimental result of equal loss tangents means 


pM nil 

tan = tan 


(19) 


which when substituted into Equation (14) after rewriting, is 


_ E’G’ + E"G" 


UO) 


then yields 


v' 


E' - 2G' 
2G' 


( 21 ) 


Comparing Equation (21) with Equation (11) demonstrates that in the 
case of equal loss tangents, Poisson's ratio is Teal, and has the same form 
as in’ static elasticity with the real parts of E and G being the determin- 
ing factor. 

For incompressibility in the above case, i.e., v = ^, the relation 
between the real parts of E and 6 is given by 

G* = j if V = v; = (22) 
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In conclusion, it must be emphasized that Poisson's ratio can be 
taken as a real number if and only if the loss tangent in extension tests 
equals the loss tangent in simple shear at the frequency of interest. 

Consider now the bulk modulus relation under hydrostatic pressure, P. 

> 

The well known relation is 

e = - I (1 - 2v)'P = - 1 P (23) 

where e = e-j + 62 the dilatation. Writing K = K' + iK" and substi- 

tuting into Equation (23) yields after a little algebra with v real. 


1 + i tan 6^ 
^ ~ 3(l-2v) 1 + i tan 


(24) 


where tan is defined as k"/k;. If the loss tangent in bulk response 
equals the loss tangent in extension. Equation (24) reduces to 


"" 3(l-2v) 

t 

K" = K' tan 6^ (25b) 

Thus, the fact, if observed experimentally, that tan 6^ = tan requires 
that V be real. This in turn leads to Equation (24) where K' may differ 
from the usual elastic relation if the loss tangent in bulk does not equal 
the loss tangent for extension. 
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If all three loss tangents are equal, i.e., 


tan 6^ = tan 6g = tan (26) 


then 


E = E' (1 + i tan 6^) (27a) 
G = G' (1 + i tan 6^) (27b) 
K = K' (1 + 2 tan 6^) (27c) 

V = v' = (27d) 
^ 2G' 


It must be pointed out thci,t the relations given by Equation (27) 
hold only if Equation (26) holds and K cannot be taken as a fixed, real 
number unless tan 6^ = 0 when v is real. 

The results from References 2 and 3, and the general literature show 
that, for the space shuttle SRM, under its range of frequencies and strain 
levels while under pressurization, the decomposition for the moduli used 

. t 

in the model of Section V is valid. 
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IV. VARIABLES AFFECTING PROPELLANT DYNAMIC RESPONSE PROPERTIES 


During the course of this investigation pertinent variables which 
potentially could significantly influence the SRM propellant dynamic 
response were identified. Due tb its viscoelastic nature, time, 
temperature and frequency were, of course, dominant. Additional variables, 
identified as noted previously, included: 

A. Humidity Level 

B. Pressure Level 

C. Strain Level 

D. Aging. 

E. Chemical Parameters (epoxy/curative ratio) 

F. Internal Heat Generation 

G. Damage or Permanent Memory Effects 

The following subsections discuss the potential influences of these 
variables on the SRM propellant dynamic response, and where the effects 
are significant the mechanism for incorporating them into the dynamic 
model developed in Section V,. 

4.1 TIME-TEMPERATURE-FREQUENCY RESPONSE 

When considering the stress-strain relation of an elastic material, 
it is evident that for a particular value of stress there is associated a 
particular value of strain, and regardless of the length of time that the 
stress acts on the body, or what path was followed in applying it, the 
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strain remains constant. In viscoelastifc materials, on the other hand, 
when a stress is applied to the body, the strain state depends upon the 
-manner in which the stress is applied; that is, whether the load is applied 
rapidly or slowly. Thus, the history of loading, as well as the magnitude 
of the load must be considered in describing the response of a viscoelastic 
material. In addition, a viscoelastic body will not maintain a constant 
deformation under a constant stress, regardless of the loading pattern; 
rather, it will deform or creep with time. Also, if such a body is con- 
strained at constant deformation, the stress necessary to hold it con- 
strained gradually diminishes or relaxes with time. 

The stresses- and strains at a point in a viscoelastic body may thus 
be expected to vary with time, or the frequency of loading. And conse- 
quently, also with temperature, as will become evident. 

The following paragraphs present a general discussion of the pro- 
cedures for representing the viscoelastil: response properties of solid 
propellants. Additional details and justification of the applicability 
of the* procedures to solid propellants are presented in References 5, 6, 

29 and 30. The development herein is in terms of the modulus of the 
material. Completely analogous results can be obtained employing the 
creep compliance representation of the response. 

4.1,1 Isothermal Response 

A convenient representation for the uniaxial (or shear) stress, a, 
in a linear viscoelastic material is the so-called integral or relaxation 
formulation which, for the isothermal case, has the form 
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c- (t) =y (t-T) ^ dT 


dg(T) 


(28) 


Where (t-x) is the relaxation modulus in tension (or shear) and 
e(t) is the imposed strain history. 

The relaxation modulus is defined as the stress decay associated 
with a step input strain e^.* With e=eQH(T), Equation (28) becomes 


a(t) = 




E^ei (t-i) % «(t) dt 


or 


<^(t) 


= 'rel 


(29) 


(30) 


where H(t) is the Heaviside unit step function and 6(t) is the Dirac 
delta function. 

For a constant strain rate test, with strain rate R (e =Rt), 
Equation (28) yields 

t 


o{t). ~ ^ ^rel 


L 




(31) 


Differentiating Equation (31) with respect to time, t, gives 

t 


^ R (0) + R y 


dt 


dt 


■ " ^rel 


dE , (t-T) 

•) - « X 


or 


do(t) 
de ^ 


= R (t) 


= (t) 

= Rt 


(32) 
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Thus, the relaxation modulus for a linear viscoelastic material can 
be deduced from differentiation of the stress-strain curve in a constant 
rate test. 

An alternative method of measuring, and expressing, viscoelastic 
behavior is by considering steady- state response to forced vibrations. 
Creep and relaxation experiments are not capable of providing complete 
information concerning the mechanical behavior of viscoelastic solids. 

In certain cases the response of a structure is sought to a loading for 
times substantially shorter than the lower limit of time of usual creep 
or relaxation experiments. 

For a linear system, both stress and strain will vary sinusoidally 
with the same frequency as the forcing frequency, 

/.>, ^iwt \ iwt 

e(t) = e^e -9- a*((o)e 

» 

r 4 .\ „iwt +/ \ iut 
a(t) = o^e ^ e*((o)e 

If the input to a linearly viscoelastic material is an oscillatory 
stress. 


a 


(t) . 



( 33 ) 


then the strain response will be an oscillation at the same frequency 
as the stress, but lagging behind by a phase angle 6 . Thus, 

e(w) = Cq (34) 
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where is the strain amplitude. The phase angle, 6, is often called 
the loss angle and is a function of the internal friction. It is con- 
venient to write Equation (34) in the form 




(35) 


where e* is the complex strain amplitude defined by 


= e. = e„{cos6 - i sin6) 


cos6 + i sin6 


(36) 


If the input is an oscillatory strain, 


e(t) = e 


ittit 


(37) 


then the stress response will lead the strain by the phase angle 6, 


a(w) = Oq 


gi (“t +6) 


a* e 


iwt 


(38) 


where 


■f* = 


e 


.id 


= Oq(cos6 


+ i sin6) 


(39) 


The complex dynamic modulus is defined as the oscillatory stress 
response to an oscillatory strain input; that is. 
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E*{(o) ^ = 




i6 


_ ^0 


(cos6 + i sin6) 


= E'(o)) + i E"((o) 


( 40 ) 


where E'{w)’is in phase with the str^ain and is called the storage modulus, 


o 

E'{u)) = — cos6 


(41) 


The second term of the last line of Equation (40), E"(o)), is often called 
the loss modulus and is defined by 


0- 

E"(o)) = ~ sind 
^0 


(42) 


Equation (40) may also be written in the form 


E*(w) = |E*| e 


is 


(43) 


where 


and 


tE*| = (E")^ = Oq/Eq 

6 = tan (Ir) 


(44) 

(45) 
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The ratio defining tan6 is called the loss tangent or mechanical loss. 

It gives a direct measure of the energy dissipation or damping charac- 
teristics of the material, For an elastic material 6=0 and E" = 0 
giving riseto an instantaneous response. For a viscous fluid 6 = “ and 
E’ = 0 with the response 90 degrees out of phase. A viscoelastic solid 
has a loss tangent between these limits; i.e., 0 < 6 < “. 

A representation for the complex dynamic modulus can be obtained in 
terms of the stress relaxation, modulus by substituting Equation (37) 
into Equation (29). Then, 


o(t) ? iw f El , (t-tj dx 

J -CO 

Performing a change of variables by letting u = t 
becomes 


o(t) = e iu e^^^ f„ 
0 Jo 


E^^T (u1 du 


(46) 

T, Equation (46) 

(47) 


or 


E*(w) 


- ^ /\ei 


(48) 


Recalling the definition of the Laplace Transform, Equation (48) is 
seen to be 


E* M = 


(49) 


U=lti) 


Thus, if the stress relaxation modulus is known, the dynamic modulus 
can be obtained by taking the Laplace transform, setting the transform 
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variable equal to (iw) and multiplying the result by (iw). This 
observation is particularly useful if an exponential series (Prony 
Series or Dirichlet series) is used to represent the relaxation 
modulus. In this case. 


E,el + E exp ( 50 ) 

k=l 

where is the equilibrium relaxation modulus, and Ej^ and Tj^ are 
constants chosen to fit the experimental data. E' and E" are readily 


determined from Equation (50) to be 


and 


E' {(o) = E^ 


E" ((o) = 




E|, (WT. )' 


(“T. )' 


1 + (WT|^)' 


(51) 


(52) 


For some viscoelastic materials, E^g-] (t) = E'(co). 

4.1.2 Time-Temperature Superposition 

The analyses of the previous section apply to isothermal conditions, 
i.e., constant temperature conditions. In practice, it is impossible to 
obtain either relaxation data or dynamic data over the time scales and 
frequency ranges of practical interest in a solid rocket motor. In order 
to obtain data in these ranges the concept of time-temperature super- 
position is routinely employed. (See References 5, 6, 29, 30 and 31 for 
a general discussion.) 

It has been widely found that temperature has the effect of expand- 
ing or contracting the time scale of response viscoelastic materials and 
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that an equivalence between time or frequency and temperature exists. 
Time and frequency are roughly the inverse of one another so that short 
time or high frequency response at one temperature corresponds to longer 
time or lower frequency response at a lower temperature. The converse 
holds true at higher temperatures. Thus, by obtaining the propellant 
response at several temperatures, a time-temperature shift function, a^, 
relating the equivalence of time or frequency and temperature can be 
experimentally determined by horizontally "shifting" the test data so 
that it superimposes to form a single curve at some given reference 
temperature, usually 21 to 25°C. The resulting curve is known as the 
"master" response curve and is expressed in terms of temperature-reduced 
time, t/ay, in the case of the master relaxation modulus curve, or in 
terms of temperature-reduced frequency, may, in the case of the master 
dynamic moduli curves. 

Thus, the previous analyses remain valid in terms of the master 
relaxation and dynamic moduTi if time, t, and frequency, m, in the 
previous expressions are replaced by temperature-reduced time, t/ay, 
and temperature-reduced frequency, way, respectively, 

The procedure for carrying out the analyses of this and the 
previous section are discussed further in Section V in connection with 
validation of the dynamic response model developed during this program. 

4.2 HUMIDITY EFFECTS 

The presence of moisture may severely degrade the mechanical and 
chemical properties of solid propellants [4, 5, 29]. This degradation 
is typically manifest as swelling of the binder matrix, reduction in 
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modulus and retardation of propellant ignition. Often, leaching of 
surface oxidizer particles is observed. The mechanism of this degra- 
dation is primarily a reversion process in which chemical scission of 
polymer network cross-1 inks'and consequent reduction in modulus is caused 
by hydrolytic attack at cross-links. 

Epoxide cured propellants are relatively insensitive to hydro- 
lytic attack except for Mapo-epoxy cured CTPB propellants. Imine 
cured propellants have varying degrees of susceptibility. Double-base 
propellants are usually less influenced by moisture than composite 
propellants. 

Inasmuch as the shuttle SRM propellant is an epoxy cured PBAN 
propellant, it may be anticipated that it will be relatively insensi- 
tive to, at least, short time exposure to moderate humidity levels. This 
belief has been borne out by relative humidity tests on the inert 
UTI-610 propellant used in the NASA/Langley dynamic model tests [3], 
in which some effect was observed on constant strain rate response but 
no noticeable effect was observed on dynamic response for exposure up 
to 14 days at 70% R.H. 

Furthermore, moisture enters a solid propellant or liner-propellant 
interface through a diffusion process. The depth of penetration appears 
to be controlled by the relative humidity level, the ratio of volume to 
surface area exposed and the duration of exposure. The tune constant 
associated with diffusion is much slower than that associated with 
temperature changes, where, in the case of the SRM, an equilibrium 
temperature will not be achieved for 60- 90 days following a step 
temperature change. Accordingly, under normal .circumstances moisture 
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will, at most, have only a local effect on the surface of the SRM 
propellant. Even this local effect can be avoided to a large extent 
by sealing the SRM motor segments and dessi eating the interior. 

The effects of relative humidity have also been observed to be 
reversible to a certain extent. The original properties of a propel- 
lant grain which has been inadvertently exposed to a high humidity level 
but which has not yet structurally failed, are substantially recovered 
by dessi cation of the motor interior. As a general rule, the drying 
recovery time is the same as the exposure time to moisture. Dessication 
of unaged propellants also tends to remove water introduced during mix- 
ing, casting and curing operations. 

In view of the above comments it is concluded that it is not 
necessary to specifically account for moisture effects in the dynamic 
response model for the SRM propellant. It is recommended that the SRM 
segments be sealed and dessicated during all handling, transportation 
and storage operations prior to firing launch. If a segment should 
inadvertently be exposed to excessive humidity levels (say, greater 
than 50% R.H.) for an extended period of time (say, 14 days), then the 
segment should be sealed and dessicated for the appropriate period of 
time. If it is necessary to evaluate the dynamic response of the SRM 
under high moisture conditions, this can be accomplished conducting 
laboratory dynamic characterization tests under the appropriate moisture- 
exposure conditions and inputting this laboratory data Into the dynamic 
response model developed herein. 

Alternatively, moisture versus exposure-time tests can be conducted 
over a broad range of humidity levels, exposure times and temperatures 
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and a moisture- time-temperature shift function developed in a 
manner analogous to the time-temperature shift factor development. A 
master dynamic modulus versus moisture-temperature-reduced frequency 
curve can then be determined and directly input to the dynamic response 
model developed herein. 

4.3 STRAIN LEVEL EFFECTS 

Strictly speaking, the response of a linear viscoelastic material 
cannot be a function of strain level; otherwise the material is no 
longer linear. However, many propellants have been shown to have strain 
dependent properties, particularly at strain levels where substantial 
dewetting takes place (see, for example [5,6,32,33]). Further impetus 
for concern over strain level effects comes from the IBM dynamic 
analysis of the shuttle SRM, reported earlier in Section 3.3 [4]. As 
noted in Section 3.3 they used dynamic properties which were, in fact, 
strain dependent. The modulus used.for low strains, however, 
as noted previously, v;as obtained from unrealistically low strain 
level tests (on the order of microinches/inch) where it is well known 
that abnormally high values of moduli result which are not repre- 
sentative of conditions in an actual rocket motor under its expected 
use conditions. 

Thus, one aspect of this program involved evaluating the extent 
of nonlinearity, if any, that could be expected of the relaxation and 
dynamic moduli of the SRM propellant and incorporating such effects, 
if necessary, into the propellant dynamic response model. 
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It may be noted that if the propellant properties do depend upon 
strain level it is still frequently possible to use the analysis of 
Section 4.1 by incorporating a "strain-level shift function" in a 
manner analogous 'to that by which a time-temperature or moisture-time 
temperature shift factor is introduced [4,5,32]. 

As it turns out, however, based upon the analyses and discussion 
in the following two sections, and the experimental test data presented 
in Section 4.3.3, it is concluded that neither static nor dynamic 
strain levels in the SRM are such as to have a statistically observable 
effect on dynamic moduli. 

4.3.1 General Discussion of Strain Level Effects on Propellant Response 

As mentioned previously, it has often been observed that the 
response moduli of solid propellants appear to be influenced by strain 
level. This phenomenon is caused by several interacting effects: 

A. Dewetting 

B. Finite Strain Levels 

C. Free Volume 

Dewetting is the result,' under strain, of the propellant's poly- 
meric matrix adhesively failing at the surface of the ammonium per- 
chlorate and/or aluminum particles. Quite often under strain, voids 
may form in the polymeric matrix itself. In any event, the result is 
the creation of a solid propellant with many distributed voids, The 
observed effects on propellant response are a drop in the various moduli, 
and a volumetric expansion. 

Generally, strain-induced moduli weakening for propellants with 
an 86% solids-weight ratio do not show this effect until strain levels 
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are of the order of 10% at room temperature. For 88% solids loading, 
the onset of dewetting is generally below 10% strain and for very low 
temperatures, dewetting occurs at even lower strain levels. 

Factors which apparently inhibit the dewetting phenomena below 
10% strain in the 86% (by weight) solids loaded Thiokol SRM propellant, 
are: 

A. The balanced size distribution of perchlorate 
particles. 

B. The excellent elongation capabilities of the PBAN 
propellant at temperatures in the vicinity of room 
temperature . 

A second factor affecting moduli under strain is the finite strain 
produced by normal stresses during shear testing. An ordinary lap 
shear testing apparatus does not, generally, provide the transverse 
restraint required for simple shear. Certain special test fixtures do. 
The Gottenberg disk test apparatus by its construction provides 
inherent capability to prevent motion normal to the shear direction, 
i.e., in the radial direction under shearing in the direction of the 
symmetry axis. 

The free-volume effect under high overall compression can lead 
to increased observed moduli. However, as noted in the following 
section, very large transverse compression of the order of 14% is 
required for this increase to occur » With the properties of the SRM, 
this degree of transverse compression could only be reached at pressure 
levels of exceedingly high values. For example, assuming the bulk 
modulus of the SRM as a constant under very large degrees of compression 
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(which it is not but eventually increases with pressure) we can calcu- 
late a lower bound for the case pressure wherein the free-volume 

decrease would produce shear modulus changes. For a 10% volumetric 

2 

change the mean pressure would be of the order of 350,000 KN/m , or 
over 50 times the SRM maximum expected operating pressure', 

4.3.2 Second Order Deformation Effects in Simple Shearing and 
Torsion Tests 

Before discussing the experimental implications of the previous 
section, some second order elasticity effects are first introduced. 

These effects have been known for many years based upon observation 
and experiment. 

The first phenomenon which is associated with simple shearing is 

t i 

called the "Kelvin" effect. It exhibits itself in the tendency of some 
materials requiring a fi'nite transverse force to maintain a simple shear 
geometry. Highly filled polymers exhiBit these second-order effects 
rather strongly. Thus, consideration must be given to second-order 
effects in the SRM propellant. 

The second phenomenon, associated with torsion, is the "Poynting" 
effect. It exhibits itself in the tendency of some materials to elon- 
gate when subjected to torsion. 

Let us consider in some detail the simple shear test as shown in 
Figure 1. In order to formulate the stress response, we assume that 
the propellant is (1) incompressible, and (ii) has a strain energy 
function, W. Without loss of generality for our purpose, we assume 
that the strain energy function has the form of a Mooney-Rivl in material. 
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compression normal to the^ 
plane of the figure. 



FIGURE 2. SIMPLE SHEAR STRESS STATE 





This assumption is known to apply fairly well to polymeric materials. 
Without going through the details of the derivation, which are widely 
available [34], we simply state the results. 

The Mooney-Rivlin form of the strain energy function is given 

by 


W = C.|(I^-3) + C2(l2-3) (53) 

where C-j , C2 are constants and I.j, I2 are the first and second invar- 
iants of the deformation tensor. For the geometry of the simple shear 
test shown in Figure 1, these invariants are equal and given by 

= I 2 = 3 + (54) 


Assuming that the stress component parallel to the x-|-axis acting on 
a face perpendicular to the x-j-axis is zero, the stress components 
are given by 


t22 = - k^(Ci + C 2 ) 

tas = -2k C.| 

^23 " hi ~ ^ 

^12 ” ^^(^] ^ 2 ^ 


(55) 


The notation t^2 means the stress component in the x-| -direction acting 
on a face normal to the Xg-direction, i.e,, the simple shear, It is 
noted that t-|2 is linear in the displacement k with a constant of 
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proportionality, 2(C-j + C^). Defining this constant as the ordinary 
shear modulus, G, Equation (.55) can be rewritten as 


ti2= Gk 
t33 = - 2k 

t22 == - Gk^ (56) 


Thus the stress system needed to maintain the simple shear geometry 
postulated as the defining test for the shear modulus, G, is as shown 
in Figure 2 (noting that t ^2 ^ ^21 symmetry of the Cauchy stress 

tensor). 

The mean stress is the average of the three principal stresses. 


m 


3 ^ 


'22 


^ 33 ^ 


(57) 


which, from Equation (55) and (56) may be written in the form 

t^ = - I (2C^ + C2)k^ = - ^ (G + 2C^)k^ (58) 

For propellants, the ratio C 2 /C-J is approximately 0.2 so that Equation 
(58) becomes 


= - 1.45 C^k^ = - 0.6 k^G 


(59) 





since the shear stress, given by Equation (56) Is linear In k we can 
rewrite t £2 and t^^^ as 

t 22 ~ “ k t-|^ (60a) 


with 


m 


0,6 k t-|2 


t-|2 “ Gk 


(60b) 

(60c) 


Thus, the prediction for simple shear is that the shear stress 
is linear in the shear strain, k, even for large deformations. This 
fact is borne out by experiments on propellants for shear strains up to 
50"^, k = 0.5 [12,15]. 

Consider now the practical implications of the above results in 
a properly run simple shear test, such as the double-lap chevron speci- 
men of Figure 3. For a typical propellant, let us set the value of G 
equal to 1000 psi (6.95 x 10^ N/m^). Let the static shear strain be 
typical of that found in a solid rocket motor under thermal cooling 
stresses, say 10% (k = 0,1), Equation (60) then yields 

t ^2 = 100 psi (6.95 X 10^ N/m^) 

t 22 = - 10 psi (- 6.95 x 10^ N/m^) 

= - 6 psi (- 4.17 X 10^ N/m^) (61) 

For the more highly strained regions, a value of k = 0.2 may be more 
typical, yielding 
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( 62 ) 


t ^2 = 200 psi (13.9 X 10^ N/m^) 

^22 = ‘ psi {- 27,8 X 10^ N/m^) 

-= - 24 psi (- 16.7 X 10^ N/i/) 

Low strain areas, say k = 0,01 yield stresses 

t ^2 = 10 psi (6.95 X 10^* N/ni^) 

t22 = - 1 P&1 (- 6.95 X 10^ n/\/) 
t|^^ = 0.6 psi (- 4.17 X 10^ N/in^) (63) 

It may thus be seen from Equations (62) and (63) that the trans- 
verse normal force required to run a correct simple shear test varies 
from a negligible value at low strains to a value of several atmos- 
pheres compression at higher strains. Unfortunately, many of the shear 
tests run on propellants (and other polymers) do not provide the 
necessary transverse, compressive restraining force, t 22 * At very 
low shear strain measurements, this above fact is of no consequence. 

For the case, however, of large dynamic strains at high frequencies, 
the experimental observations can be very misleading. For example, 
Beyer [35], reporting on some published work by Payne (Figure 4) shows 
a drop in the dynamic shear modulus by a factor of 3 as the sinusoidal 
strain increases from 1% to 10% at 0.5 Hertz for a 31% carbon black 
filled natural rubber. The pure gum stock showed no change in modulus 
with strain level. 

Beyer's results can be examined in light of second-order elastic 
effects. The shear modulus from the reference was G = 30 x 10^ or 
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14,400 psi.* 

For low strain, k = 0.01, G = 30 x 10^ N/m^ (43,200 psi) 

t ^2 = Gk = 30 X 10^ N/m^ (432 psi) 

■^22 " '^^12 " - 30 X 10^ N/m^ (- 4.3 psi) 

= - 0.6 t 22 = - 18 X 10^ N/m^ (- 2.5 psi) 

. 7 7 

For medium strain. k=0,l, G = 30xl0 N/m' 

t ^2 = Gk = 30 X 10® N/m^ (4320 psi) 

t 22 = - kt-j 2 = - 30 X 10® N/m^ (- 430 psi) 

^m ~ ^22 ^ ~ ^ 250 'psi ) 

7 2 

Figure 4 shows an observed modulus atk = 0.1of6=10xl0 N/m 

(14,400 psi).. However, the test method used did not provide the trans- 

verse constraining stress of 30 x 10 N/m (430 psi) nor the accompany- 

5 2 

ing average confining pressure of t^j^ = - 18 x 10 N/m (250 psi hydro- 
static compression). 

The fact is, that dynamic (or static) shear tests run without the 
required transverse pressures (or equivalent hydrostatic confinement) 
yield results for the shear modulus G which are far too low. This is 
because in the absence of, in the above case, the t 22 transverse pres- 
sure, we have the equivalent of a shear test run under tension. This 

*The ordinate listed as E in Beyer’s paper was actually G in the 
original . 

-53- 



situation is shown in Figure 5, The properly run confined shear test 
field is shown as element A with the (in the previous case) confining 
compressive stress for a 10% shear strain of 

t 22 = - 30 X 10^ N/m^ (- 430 psi). 

A vertical motion is now allowed by superposing in B, a tensile stress 
of t 22 = 30 X 10^ N/m^ (430 psi),* The resultant stress field is 
shown in, C, for simple shear stresses only. 

The physical action of the tensile field, B, is to cause exten- 
sive dewetting of the matrix to oxidizer particles in the propellant, 
leading to a greatly lowered modulus as observed by Beyer and Payne. 

This reduction is not a reduction in G measured in true simple shear, 
but is a reduction of the apparent G when the sample is elongated 
vertically (dewetted) and then tested iti simple shear. 

The assumption of incompressibility holds when there is no dewet- 
ting. V/ith dewetting, a volume expansion occurs and all elastic 
(viscoelastic) moduli decrease. 

Again, for the test results shown above, if the simple shear tests 
were run under a superposed hydrostatic pressure but v/ith no deliberate 
transverse constraint, one could conclude that if the hydrostatic 
pressure equaled a t^^^ of 18 x 10 N/m (250 psi hydrostatic compression), 
then no decrease in dynamic shear modulus v/ould be observed at a shear 


*While we can superpose the stress fields, we do not imply the strain 
fields superpose linearly. 
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FIGURE 5. UNCONFINED SHEAR TEST 
STRESS FIELD 



FIGURE 6. REAL PART OF SHEAR 
MODULUS FOR VARIOUS TRANSVERSE 

COMPRESSIONS 
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strain of 10%: Commensurate results can be produced for any other 
level of shear strain. 

A second confirmation of the above argument can be seen in Figure 
6, which is reproduced from Figure 17 in Beyer's paper [35]. This 
figure shows the independence of shear modulus G on transverse compres- 
sion strain for strain values up to 15%. Again, the suppression here 
of the transverse extension serves to suppress dewetting, hence, leaving 
the shear modulus essentially unchanged. 

Since the SRM will be operating at internal pressure levels well 
over the above figure, dynamic calculations should use the shear modu- 
lus determined from very small fixture strain, unpressurized tests with 
the Gottenberg disk test which provides the needed restraint. . One should, 
however, run a large strain pressurized test to confirm the above analy- 
sis when simple tension tests are used to obtain the data. 

4.3.3 Experimental Data on the Effects of Strain on Propellant 

Dynamic Response Properties 

Dynamic tests have been conducted at the University of Utah [3] 
on the inert UTI-610 PBAN propellant used in the NASA/Langley dynamic 
model tests and by Thiokol/Wasatch [2] on live and inert TP-H1123 PBAN 
propellant which closely resembles the actual SRM propellant. 

Dynamic tension and shear tests were conducted at the University 
of Utah [3] using a Rheovibron dynamic tester. Thin slabs, 0,1 cm 
by 0.3 cm by 0.2 cm (0,04 in by 0.12 in by 0.8 in) were used for the 

dynamic tension tests and slabs 0.15 cm by 0.15 cm by 0.3 cm (0.06 in 

by 0.06 in by 0.12 in) were used for the dynamic shear tests. 
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Dynamic tension tests were carried out at 3.5, 11, 35 and 110 Hz 
and 0,1, 0,5, 1.0, 2.5 and 5.0 percent static strain levels at 18°C 
(O^F), 4°C (40°F), 25°C (77°F) and 49“C (120°F). Dynamic shear tests 
were carried out at the same frequencies and temperatures at strain 
levels of 0.5, 1.0, 2.5 and 5,0 percent pre-imposed static strain. 

A fixed half-amplitude dynamic displacement of 50 pm was used for 
all dynamic tests. The length of the specimens for the 0.1 percent 
strain level tests was 5 cm (2 in) rather than the 2 cm mentioned 
previously. For this test the dynamic strain level was equal to the 
imposed static strain of 0,1 percent. In all other dynamic tests, 
the dynamic strain level varied between 0.23 and 0.25 percent. 

1 t 4 

The average dynamic tension results of at least four specimens 
are tabulated in Tables Il-a through Il-d and the average dynamic shear 
results are tabulated in, Tables Ill-a through Ill-d. 

With the exception of the 0.1 percent static strain tension tests 
no dependence on strain level is noted. This static strain is consider 
ably below that which will occur in the SRM as a result of thermal cool 
down from the cure temperature to ambient temperature and axial or 
radial slump. 

Thiokol [2] conducted dynamic shear tests using a modified 
Gottenberg disk test technique on live and inert TP-H1123 propellant; 
a propellant, which as noted previously is very similar to the actual 
SRM propellant. 

In Thiokol 's test, a cylindrical disk of propellant 3,31 inches 
outer diameter by 0.33 inch thickness with an inner diameter of 
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TABLE Il-a 


DYNAMIC TENSION TEST RESULTS 
AT A FREQUENCY OF 3.5 Hz 


STATIC 

STRAIN 

{%) 

TEMPERATURE 

(”C) 

tan '6 

1E| 2. 

(MN/m ) 

2 

(MN/m^) 

E" 

(MN/m^) 

0.1 

-18 

0,32 

313 

299 

■ 95.1 


4 

0.47 

65.3 

59.0 

27.8 


25 

0.45 

16.5 

15.0 

6.74 


49 

0.38 

3.92 

3.68 

1.36 

0.5 

-18 

0.32 

179 

170 

54.4 


4 

0.45 

45.6 

41.5 

18.8 


25 

0.43 

13.5 

12.4 

5.3 


49 

0.32 

5.91 

5.58 

1.82 

1.0 

-18 

0.33 

175 

166 

53.7 


4 

0.45 

43.8 

40 

17.9 


25 

0.43 

12.6 

11.6 

4.67 


49 

0.30 

5.42 

5.17 

1 .58 

2.5 

-18 

0.34 

166 

158 

52.3 


4 

0.45 

39.9 

36.6 

16.3 


25 

0.42 

11 .6 

10.53 

4.34 


49 

0.30 

4.68 

4.48 

1 .35 

5.0 

-18 

0.35 

138 

131 

42.3 


4 

0.43 

34.8 

32.1 

13.4 


25 

0.39 

10.9 

9.42 

3.11 


49 

0.26 

4.0 

3.85 

1.09 
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TABLE Il-b 


DYNAMIC TENSION TEST RESULTS 
AT A FREQUENCY OF 11 Hz 


STATIC 

STRAIN 

{%) 

TEMPERATURE 

(^C) 

tan 5 

|E| 2, 

(MN/m^) 

E" 

(MN/m^) 

0.1 

-18 

0.34 

333 

315 

107 


4 

0.50 

70.8 

63.3 

31.5 


25 

0.47 

19.7 

17.8 

8.35 


49 

0.42 

6.75 

6.17 

2.72 

0.5 

-18 

0.33 

207 

197 

63.3 


4 

0.48 

53.8 

48.5 

23.5 


25 

0.48 

15.0 

13.6 

6.49 ' 


49 

0.38 

5.99 

5.6 

2.11 

1.0 

-18 

0.33 

214 

204 

66.^ 


4 

0.49 

52.5 

47.2 

23.2 


25 

0.47 

14.0 

12.6 

6.0 


49 

0.37 

6.22 

5.85 

2.13 

2.5 

-18 

0.32 

213 

204 

62.6 


4 

0.48 

55.8 

50.33 

24.2 


25 

0.47 

14.7 

13.2 

6.32 


49 

0.36 

6.48 

6.08 

2.24 

5.0 

-18 

0.33 

185 

177 

52.5 


4 

0.46 

48.5 

44.0 

20.5 


.25 

0.44 

13.8 

12.6 

5.64 


49 

0.35 

5.88 

5.54 

1.97 
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TABLE II-c 


DYNAMIC TENSION TEST RESULTS 
AT A FREQUENCY OF 35 Hz 


STATIC 
STRAIN 
• {%) 

TEMPERATURE 

("C) 

tan .6 


2 

(MN/m^) 

(MN/m^) 

0.1 

-18 

0.42 

405 

374 

153 


■4 

0.68 

71.2 

58.9 

39.7 


25 

1.08 

25.0 

17.2 

18.0 


49 

0.64 

8.8 

7.43 

4.72 

0.5 

-18 

0.26 

269 

260 

67.3 


4 

0.55 

75.2 

65.9 

36.2 


25 

0.62 

21.8 

18.5 

11.4 


49 

0.47 

8.37 

7.56 

3.57 

1.0 

-18 

0.26 

276 

267 

69.3 


4 

0.55 

75.2 

65.9 

’ 36.2 


25 

0.62 

21 .8 

18.5 

11.4 


49 

0.47 

8.37 

7.56 

3.57 

2.5 

.-18 

0.26 

263 

254 

66.1 


4 

0.52 

76.3 

68 

34.7 


25 

0.58 

21.6 

18.8 

10.7 


49 

0.46 

8.66 

7.85 

3.64 

5.0 

-18 

0.27 

243 

234 

61.8 


4 

0.48 

71 

64 

30.8 


25 

0.50 

18.6 

16.7 

8.24 


49 

0.45 

7.92 

7.23 

3.24 
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TABLE Il-d 


DYNAMIC TENSION TEST RESULTS 
AT A FREQUENCY OF 110 Hz 


STATIC 

STRAIN 

{%) 

TEMPERATURE 

(°C) 

tan 6 

(El 2 

2 

(MN/m^) 

E" 

(MN/m^) 

0.1 

-18 

0.375 

512 

482 

171 


4 

1.1 

120 

87.2 

78.1 


25 

1.24 

33.5 

27.1 

24.2 


49 

1.25 

12.3 

8.06 

8.94 

0.5 

-18 

0.27 

316 

' 304 

81.4 


4 

0.53 

102 

90.4 

48.0 


25 - 

0.59 • 

30.2 

26.0 

15.4 


49 

0.54 

. 12.2 

10.8 

5.81 

1.0 

-18 

0.26 

328 

308 

80.7 


4 

0.53 

105 

92.6 

' 49.2 


25 

0.58 

31.1 

26.8 

15.8 

\ 

49 

0.53 

12.2 

10.7 

5.72 

2.5 

-18 

0.25 

324 

314 

75.8 


4 

0.50 

108 

96.9 

47.8 


25 

0.5'6 

31.6 

27.6 

15.5 


49 

0.51 

12.3 

11.3 

5.59 

5.0 

-18 

0.2‘6 

299 

289 

73.4 


4 

0.48 

103 

92.0 

44.4 


25 

0.52. 

30.3 


U.n 


49 

0.48 

11.7 

10.6 

5.12 
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TABLE Ill-a 

DYNAMIC SHEAR TEST RESULTS 
AT A FREQUENCY OF 3.5 Hz 


STATIC 

STRAIN 

{%) 

TEMPERATURE 

(“C) 

tan 5 

!G| 2 
(MN/m'^) 

2 

(MN/m^) 

Qll 

(MN/m^) 

0.5 

-18 

0.052 

11.2 

11.2 

0.59 


4 

0.174 

8.06 

7.94 

1 .33 


25 

0.29 

4.33 

4.16 

1.18 


49 

0.31 

1 .89 

1.81 

0.55 

1.0 

-18 

0.061 

11.0 • 

11.0 

0.67 


4 

0.21 

7.35 

7.16 

1.49 


25 

0.33 

3.44 

3.27 , 

, 1.05 


49 

0.31 

1.71 

1.64 

0.51 

2.5 

-18 

0.061 

11.1 

11.1 

0.68 


4 

0.21 

7.29 

7.13 

1 .48 


.25 

0.33 

3.26 

3.12 

1.01 


49 

0.32 

1.59 

1.52 

0.48 

5.0 

-18 

0.059 

11.1 

11.1 

0.66 


4 

0.205 . 

7.35 

7.2 

1.45 


25 

0.33 

3.26 

3.1 

1.01 


49 

0.32 

1.54 

1.47 

0.47 
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TABLE Ill-b 

DYNAMIC SHEAR’ TEST IJESULTS AT 
A FREQUENCY OF 11 Hz 


STATIC 

STRAIN 

{%) 

TEMPERATURE 

n) 

tan 6 

1mN/ih^) 

(MN/m^) 

QU 

(MN/m^) 

0.5 

-18 

0.CI23 

12.63 

12.6 

0.30 


4 

0.10 

10.5 

10.4 

1.08 


25 

0.24 

6.5 

6.32 

1.51 


49 

0.31 

3.42 

3.28 

0.99 

1.0 

-18 

0.023 1 

12.8 

12.8 

0.31 


4 

0.1 

10.4 

io,3 

1.14 


25 

0.27 

6.0 

5.78 

■ 1 .55 


49 

0.33 

2.99 

2.67 

0.95 

2.5 

-18 

0.023 

12.8 

12.8 

0.31 


4 

o.ii 

io.5 

10.4 

1.11 


25 

0..27 

5.86 

5.64 

1.59 


49 

0.34 

2.82 

2.67 

0.91 

5.0 

-18 

0.0‘23 

12.8 

12.8 

0.30 


4 

0.093 

10.5 

10.4 

1.02 


25 

0.28 

5.55 

5.33 

1.53 


49 

0.34 

2.58 

2.43 

0.85 


- 63 - 



TABLE III-c 

DYNAMIC SHEAR TEST RESULTS 
AT A FREQUENCY OF 35 Hz 


STATIC 

STRAIN 

TEMPERATURE 

(°c) 

tan 6 

[mN/iti^) 

G ' 

(MN/m^) 

011 

(MN/m^) 

0.5 

-18 

0.036 

14.67 

14.67 

0.58 


4 

0.15 

11.5 

11.4 

1.82 


25 

0.31 

6.26 

5.97 

1.85 


49 

0.41 

2.46 

2.29 

0.91 

1.0 

-18 

0.045 

14.3 

14.3 

0.68 


4 

0.22 

9.83 

9.58 

2.18 


25 

0.41 

3.8 

3.52 

1.43 


49 

0.42 

1.59 

1.47 . 

0.61 

2.5 

-18 

0.05 

14.0 

13.9 

0.75 


. 4 

0.23 

9.13 

8.85 

2.16 


25 

0.44 

3.28 

3.01 

1.28 


49 

0.42 

1.23 

1.13 

0.47 

5.0 

-18 

0.072 

13.2 

13.2 

1.03 


4 

0.28 

7.8 

7.5 

2.09 


25 - 

0.45 — 

2.97 

2.72 

1.23 


49 

0.42 

0.99 

0.91 

0.37 
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TABLE ni-d 

DYNAMIC SHEAR TEST RESULTS AT A 
FREQUENCY OF 110 Hz 


STATIC 

STRAIN 

{%) 

TEMPERATURE 

(“C) 

tan 6 

[ G | 2 

[MN/m^) 

G * 

(MN/m^) 

(MN/m^) 

0.5 

-18 

0.036 

22.0 

22.0 

0.84 


4 

0.12 

18.0 

17.9 

2.13 


25 

0,29 

10.9 

10.4 

2.98 


49 

0.41 

4.99 

4.65 

1.91 

1.0 

-18 

0.046 

22.2 

22.2 

1,08 


4 

0.14 

17.6 

17.4 

2.50 


25 

0.34 

9.77 

9.25 

3.08 


49 

0.43 

4.48 

4.12 • 

1.77 

2.5 

-18 

0.046 

22.4 

22.4 

1.12 


4 

0^15 

17.2 

17.0 

2.58 


25 

0.35 

9.33 

8.8 

3.09 


49 

0.45 

4.01 

3.65 

1.66 

5.0 

-18 

0.049 . 

22.0 

22.0 

1.14 


4 

0.16 

16.8 

16.6 

2.66 


25 

0.37 

8.49 

7.96 

2-94 . 


49 

tf.46 

3.07 

2.79 

1.30 



0.688 Inch is used as a test specimen. The propellant disk is bonded 
to steel outer and center rings. 

Tests were carried out at frequencies ranging from 10 to 50 Hz 
at 40‘^F, 70°F and 90°F. Analytical studies of the shuttle SRM center 

i 

segment and the Gottenberg disk test specimen were performed to arrive 

1 - 

at appropriate static and dynamic displacements for the test. A 
Gottenberg disk static center body deflection of 0.015 inch was required 
to simulate the propellant strains resulting from the worst case SRM 
thermal shrinkage, while a vibratory (dynamic) center body displacement 
of 0.0006 inch peak-to-peak is required to simulate maximum propellant 
strains resulting from a 0.5 g zero*-to-peak, 2 to 50 Hz, longitudinal, 
sinusoidal vibration input to the case. Since the above dynamic dis- 
placement was below the minimum amplitude limit of the test apparatus, 
tests were conducted at dynamic displacement amplitudes ranging from 
0.001 to 0.004 inch and imposed center body, static displacements 
, ranging from 0.009 to 0.022 inches. 

Experimental test results as a function of dynamic displacement 
are presented in Table IV for TP-H1123 live propellant and in Table V 
for TP-H1123 inert propellant (designated H-B). Similar results are 
presented in Tables VI and Vll as a function of static displacement. 

While the data presented in Tables IV through VII indicate signif- 
icant influence of temperature and frequency, as expected, a Duncan 
Multiple Range Test indicated no statistical influence of static or 
dynamic displacement amplitude., 
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TABLE IV 


DYNAMIC SHEAR MODULUS OF LIVE TP-H 1123 PROPELLANT 
TEST DATA FOR VARIOUS DYNAMIC DISPLACEMENTS 


Dynamic 

Displacement 

(Inches) 

Frequency 

(Hz) 

0.001 

50 


40 


30 


20 


15 


10 

0.002 

50 


40 


30 


20 


15 


10 


0-0027 50 

40 
30 
20 
15 
10 


Temperature 

(°F) 

tan6 

40 

.44 


.52 


.47 


.38 


.32 


.25 

40 

.53 

70 

00 

LO 

• 

90 

.62 

40 

.52 

70 

.58 

90 

.61 

40 


70 

.53 

90 

.57 

40 

.38 

70 

.41 

90 

.47 

40 

.32 

70 

.33 

90 

.39 

40 

.25 

70 

.24 

90 

ro 

00 

40 

.53 


.52 


.47 


.38 


|Gl G' G" 

(psi) (psi) (psi) 

3597 3064 1363 

3014 2670 1398 

2573 2328 1095 

2168 2029 765 

1949 1856 596 

1757 1705 423 

3294 2909 1545 

1472 1206 704 

801 680 423 

2856 2532 1322 

1178 1019 590 

660 562 345 

2426 2196 1030 

974 859 457 

331 402 262 

2017 1888 710 

782 722 298 

414 374 177 

1824 1737 558 

680 656 220 

366 334 130 

1632 1584 393 

606 590 140 

298 287 79.7 

3292 2908 1544 

2852 ' 2592 1319 

2438 2200 1032 

2026 1896 714 

1740 558 

1608 392 
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TABLE IV (continued) 


DYNAMIC SHEAR MODULUS OF LIVE TP-H1123 PROPELLANT 
TEST DATA FOR VARIOUS DYNAMIC DISPLACEMENTS 


Dynamic 

Displacement 

(Inches) 

0,003 


0.004 


Frequency 

(Hz) 

Temperature 

(^’F) 

tans 

|G! 

(psi) 

G’ 

(psi) 

G" 

(psi) 

50 

70 

.58 

1289 

1116 

■ 645 


90 

.62 

793 

674 

417 

40 

70 

.58 

1089 

942 

544 


90 

.61 

655 

559 

342 

30 

70 

.53 

904 

797 

425 


90 

.57 

526 

458 

259 

20 

70 

.42 

733 

676 

283 


90 

.48 

397 

357 

173 

15 

70 

.34 

699 

618 

209* 


90 

.43 

322 

295 

128 

10 

70 

.24 

547 

532 

127 


90 

.30 

277 

265 

80.3 

50 

70 

.57 

1315 

1140 

656 


90 

.52 

777 

663 

406 

40 

70 

.56 

1106 

960 

542 


90 

.61 

645 

552 

335 

30 

70 

.52 

908 

807 

416 


90 

.47 

398 

360 

169 

20 

70 

.42 

726 

669 

282 


90 

.47 

398 

360 

169 

15 

70 

.35 

636 

601 

208 


90 

.39 

343 

320 

125 

10 

70 

.27 

555 

539 

148 


90 

.27 

288 

278 

79.0 
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TABLE V 


DYNAMIC SHEAR MODULI OF H-13 INERT PROPELLANT 
TEST DATA FOR VARIOUS DYNAMIC DISPLACEMENTS 


Dynamic 

Displacement 

(Inches) 

Frequency 

(Hz) 

Temperature 

(°F) 

tan 6 

|G| 

(psi) 

6' 

(psi) 

G" 

(psi) 

0.0011 

50 

40 

.52 

2504 

2220 

1153 



70 

.64 

998 

841 

538 



90 

.77 

710 

561 

430 


40 

40 

.51 

2197 

1953 

998 



70 

.63 

836 

708 

445 



90 

.77 

599 

473 

364 


30 

40 

.50 

1909 

1707 

849 



70 

.58 

678 

588 

340 



90 

.73 

494 

397 

290 


20 

40 

.46 

1642 

1486 

689 



70 

.47 

533 

482 

227 



90 

.63 

398 

335 

211 


15 

40 

.44 

1510 

1331 

604 



70 

.41 

462 

428 

175 



90 

.55 

349 

304 

148 


10 

40 

.41 

1382 

1277 

519 



70 

.31 

400 

382 

118 



90 

.43 

305 

280 

119 

0.002 

50 

40 

.52 

2292 

2030 

1060 



70 

.64 

995 

838 

536 



90 

.58 

616 

532 

310 


40 

40 

'.51 

1981 

1764 

897 



70 

.63 

837 

708 

445 



90 

.56 

507 

443 

247 


30 

40 

.47 

1676 

1514 

714 



70 

.57 

680. 

592 

336 



90 

.5 

407 

364 

182 
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TABLE V (continued) 


DYNAMIC SHEAR MODULI OF H-13 INERT PROPELLANT 
TEST DATA FOR VARIOUS DYNAMIC DISPLACEMENTS 


Dynamic 
Di spl acement 
(Inches 

Frequency 

(Hz) 

Temperature 

(°F) 

tan 

G 

(psi) 

G' 

(psi ) 

G" 

(psi ) 

0.002 

20 

40 

.43 

1391 

1277 

545 



70 

.47 

536 

484 

228 



90 

.44 

315 

288 

126 


15 

40 

.36 

1252 

1177 

422 



70 

,31 

396 

378 

116 



90 

.33 

232 

220 

72.5 

0.003 

50 

70 

.77 

946 

751 

575 


40 


.75 

796 

636 

478 


30 


,73 

648 

524 

' 382 


20 


.61 

506 

433 

262 


15 


.50 

439 

392 

197 


10 


.37 

371 

349 

130 


70 




TABLE VI 


DYNAMIC SHEAR MODULI OF TP-H1123 LIVE PROPELLANT 
AS AFFECTED BY VARIOUS STATIC DISPLACEMENTS 


Static 


Displacement (inches) 

0.0098 

0.0177 

0.0217 

0.0197 

Frequency 





(Hz) 


G' (psi) 


50 

1153 

1178 

1163 

1153 

40 

- 982 

1003 

992 

982 

30 

828 

850 

839 

828 

20 

694 

723 

718 

694 

15 

627 

650 

650 

627 

10 

558 

588 

582 

558 



G"(psi ) 


50 

656 

674 

663 

656 

40 

551 

565 

558 

551 

30 

421 

433 

427 

421 

15 

197 

204 

204 

197 

10 

122 

128 

127 

122 



JG] 

(psi ) 


50 

1327 

1357 

1339 

1327 

40 

1126 

1151 

1138 

1126 

30 

929 

954 

941 

923 

20 

745 

777 

771 

745 

15 

657 

681 

681 

657 

10 

57i 

602 

596 

871 

Note: Tested at 70®F, 

ambient 

pressure and 

a dynamic 

displacement 


of 0.002 inch peak to peak. 
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TABLE VII 


DYNAMIC SHEAR MODULI OF H-13 INERT PROPELLANT 
AS AFFECTED BY VARIOUS STATIC DISPLACEMENTS* 


Static 


Displacement (inches) 

0.0217 

0,0098 

0.0086 

0.0017 

Frequency 





(Hz) 



G'(psi)' 


50 

1046 

986 

1076 

1001 

40 

899 

837 

925 

853 

30 

765 

.706 

798 

722 

20 

652 

589 

675 

594 

15 

588 

523 

617 

535 

id 

532 

477 

554 

471 




G"(psi) 


50 

602 

557 

624 

568 

40 

506 

464 

524 

475 

30 

393 

359 

412 

368 

20 

26.1 

234 

271 

243 

15 

195 

173 

205 

177 

10 

121 

108 

128 

107 




G*(psi) 


50 

1207 

1132 

1244 

1151 

40 

1032 

957 

1063 

976 

30 

860 

792 

898 

810 

20 

702 

634 

727 

642 

15 

619 

551 

650 

564 

10 

546 

489 

569 

483 


Note: Tested at 70°F and ambient pressure. 
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Thiokol also performed additional tests to investigate the 
influence of pressure on dynamic response. These test results are 
reported in the following section. 

The dynamic test results presented in Tables II through VII are 
used subsequently in Section V in the validation of the dynamic 
response model. 

4.4 PRESSURE EFFECTS 

As pointed out in Section 4.3.1 the decrease in moduli of 
strained solid propellants is caused primarily fay dewetting and subse- 
quent void formation. When this voiding problem occurs, the effect of 
hydrostatic pressure is to collapse or close the voids and, hence, 

nullify the reduction in moduli. When tests are conducted under im- 

* 

Dosed hydrostatic pressure, the pressure serves to suppress the forma- 
tion of voids. Thus, no decrease in moduli is observed until, if at 
all, strain levels very near the ultimate -strain are reached, i.e., 

25^ to 40%. under high pressure. 

Furthermore, as discussed in Section 4.3.2, the transverse con- 

, i 

straint provided by the Gotteriberg disk specimen produces dynamic 
shear modulus results as though some degree of hydrostatic pressure 
were present. 

In addition to the dynamic shear tests discussed in Section 4.3,3, 
Thiokol [2] conducted Gottenberg disk tests on TP-H1123 live propellant 
in a pressure vessel at ambient, 500 and 1000 psi by confining pressures. 
Their test results are presented in Table VIII. As may be noted, these 
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TABLE VIII 

DYNAMIC SHEAR MODULI OF TP-Hn23 LIVE 
PROPELLANT AS AFFECTED BY PRESSURE 


Pressure (psi) 


Ambient 

• 


500 



1000 


Frequency 

(Hz) 





(psi) 





50 

1196 

1209 

1176 

1207 

1194 

1187 

1182 

1189 

1187 

40 

986 

995 

989 

982 

989 

1000 

975 

989 

1000 

30 

826 

841 

829 

826 

826 

848 

816 

826 

848 

20 

678 

691 

676 

671 

686 

688 

680 

691 

691 





G"(psi) 





50 

700 

709 

685 

708 

698 

693 

741 

695 

693 

40 

565 

571 

566 

562 

566 

574 

600 

566 

574 

30 

429 

437 

430 

429 

429 

- 441 

457 

429 

441 

20 

300 

305 

298 

295 

303 

304 

327 

305 

305 





]G 

1 (psi ) 





50 

1386 

1402 

1361 

1399 

1383 

1374 

1395 

1377 

1374 

40 

1136 

1147 

1140 

1131 

1140 

1153 

1145 

1140 

1153 

30 

931 

948 

934 

931 

931 

956 

935 

931 

956 

20 

741 

755 

739 

733 

750 

752 

755 

755 

755 


Note: Tested at 70°F and at a dynamic displacement of 0.0045 inch peak to. peak. 



data are well within the statistical limits established by the ambient 
pressure tests previously presented in Section 4.3.3. 

Therefore, it is concluded that pressure will have an insignificant 
effect on the SRM propellant dynamic response at the static and dynamic 
strain levels existing in the shuttle SRM. 

4.5 AGING EFFECTS 

Solid propellants, in general, experience changes due to normal 
aging during long term storage (see Equations 5,6,23,29,36-38). However, 
in the case of the space shuttle SRM, the planned casting and firing 
schedule of the shuttle is such that aging effects will be inconse- 
quential, and, hence, need not be included in the propellant dynamic 
response model. 

If motors are stored longer than six months between casting and 
firing, then dynamic tests should be conducted on propellant the 
appropriate age of the SRM at the time-of firing and these data input 
to the dynamic response model to compute appropriate dynamic moduli. 

As a rule of thumb, if the time between casting and firing exceeds one 
year, provided the dynamic moduli curves versus frequency are only 
shifted with aging and not rotated, (i.e., provided the slope n remains 
constant) an effective baseline modulus, E^^*, can be calculated accord- 
ing to 


= Eq (1 + 0.2 t) (64) 

where E^ is the original unaged value and the time, t, is expressed 

in years. This relation is based on the observation that propellants 
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typically degrade approximately 10 to 20 percent during the first year 
of aging [5,6]. As such. Equation (64)' should be approximately valid 
for two to three years aging. For longer aging times actual aging test 
data should be employed. Past experience indicates that the aging 
degradation relation will be a straight line on a log-log plot. 

During the first six months following casting of the SRM, the 
softening effect due to hydrolytic chain scission in the curing process 
apparently compensates for the hardening effect of oxidative and post- 
cure cross-linking since, the modulus is observed 'to be essentially 
unchanged during this period. 

4.5.1 General Discussion of Aging of Solid Propellants 

Solid propellants experience changes due to normal 'aging during 

long term s'torage. These changes are reflected in changes in the 

chemical and physical properties of the propellant and liner-propellant 

bond. Unlike the effects of moisture, however, the effects of aging 

♦ 

are irreversible. Most propellants typically exhibit between 25 and 

t 

50 percent degradation during aging. The discussion here is restricted 
to chemorheoTogical aging. Mechanical aging degradation results from 

I 

sustained or cyclic application of loads and is normally handled through 
cumulative damage considerations. 

Several factors are known to influence the aging characteristics 
of propellants which in turn affect the shelf-life of a solid rocket 

J 

motor. The dominant aging mechanisms affecting propellant behavior, 
which normally occur simultaneously, are continued post-curing, 
oxidative cross-linking and polymer chain scission. Additional 
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consideration must also be given to surface versus bulk aging charac- 
teristics and migration effects. The influence of these factors is 
dependent to a greater or lesser extent upon the propellant polymer 
and cure system, cure cycle, cure catalysts, ballistic modifiers and 
aging temperature. 

Post-cure curative reactions result from the slow continuation 
of reactions not driven to completion during the normal cure cycle. 

These reactions result in an increase in the propellant modulus due to 
the formation of additional network cross-links. 

Oxidative cross-linking is primarily a surface phenomenon which 
results from free-radical attack at double bonds in the polymer chain 
backbone. This mechanism also results in an increase in stres’s and 
decrease in the strain properties of solid propellants. 

Chain scission is largely determined by the cure system and results 
in softening of the propellant. This phenomenon, as mentioned before, 
is accentuated by the presence of moisture; however. Hydroxy-terminated 
(HTPB) and Carboxy-terminated polybutadient (CTPB) propellants fre- 
quently display this reversion process during high temperature aging. 
Polyurethane propellants also undergo chain scission during aging due 
to splitting of functional linkage. 

Distinct differences between the surface and bulk aging charac- 
teristics of propellants have been noted primarily due to surface 
oxidation of the propellant. This surface oxidative cross-linking 
results in a considerably stiffer propellant surface. Surface skin 
effects, notably hardening of the grain inner bore, has been observed 
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to a depth of one-half inch in some cases. Significant variations in 
the aging behavior of propellant aging in sample cartons and propellant 
aged in rocket motors has also been observed. These variations have 
been attributed in part to the fact that motors are characteristically 
cured at a higher temperature than the oven temperature because of 
internal exothermic reactions. Cartons, on the other hand, are cured 
at a temperature more nearly equal to the oven temperature. 

Migration of soluble species is of major concern at the propel! ant- 
liner-insulation bond interfaces. Soluble species such as low molecular 
weight polymer, burning rate catalysts, plasticizers, moisture and 
degradation products may migrate across bond interfaces causing both 
chemical and physical changes. An exaht relation between ingredient 
migration and the physical and chemical changes is not presently known. 
Such a relation is influenced in a complicated manner by time, tempera- 
ture, concentration and relative solubility of the migrating species. 

The predominant physical effect of all migratory species is degradation 
of the adhesive bond between the liner, and propellant or liner and 
insulation or case. In addition, the propellant and the liner or 
insulation may harden or soften either separately or-jointly. Typically, 
migrating species from the propellant into the liner or insulation act 
as plasticizers causing the liner or insulation to soften and swell and 
the propellant to harden and shrink resulting in high localized stresses 
and strains at the bond interface as well as, a weakened adhesive bond. 
Plasticizer migration from certain elastomeric insulations into the 
propellant, on the other hand, normally softens the propellant. In other 
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situations, such as a curative imbalance between the liner and the pro- 
pellant, a hardening of either or both the propellant and the liner may 
result. Cross migration of other ingredients may have similar results 
depending on the particular ingredients and concentrations involved. 

It suffices to observe that migration invariably degrades the adhesive 

I 

bond system. 

Migration in composite propellants has been observed to be 
particularly critical in CTPB propellants, and for propellants employing 
liquid alkyl ferrocene ballistic modifiers. Migratory behavior has also 
been observed of dioctyf azelate (DOZ) and circo light oil. 

The storage or aging temperature influences the rate at which the 
above processes occur, the relative severity of degradation, and, to a 
certain extent, if a given aging mechanism will occur. In general,, 
increasing the aging temperature accelerates the rate at which degrada- 
tion takes place. It is also noted that the degradation in propellant 
and liner-propellant properties observed during high temperature (accel- 
erated) aging is significantly greater than the degradation observed 
during ambient temperature aging, even’ for prolonged periods of time. 
Post-cure curative reaction fates are accelerated by increasing the 
storage temperature. In this situation, high temperature aging completes 
the normal cure process. Migration rates and the relative degradation 
of the liner-propellant adhesive bond due to migration are significantly 
increased at high temperatures. 

Surface hardening due to oxidative cross-linking also appears to 
be accentuated at elevated temperatures. On the other hand, propellant 
softening due to excess chain scission over continued post-cure 
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cross-linking, noticeably absent under ambient temperature storage con- 
ditions, has been observed in CTPB, HTPB and polyurethane propellants 
during high temperature aging. 

For the most part, the processes discussed in the previous para- 
graph are de-emphasized under low temperature storage conditions. How- 
ever, an alternate problem may be introduced for composite propellants 
containing liquid alkylferrocenes which may crystallize during low 
temperature storage. 

In addition to the primarily physical effects discussed previously, 
aging also affects the ballistic properties of solid propellant grains. 
The normal ballistic changes are changes in burn rate, pressure and 
temperature sensitivity of burn rate and ignitability caused 'primarily 
by hardening of the propellant and evaporation and migration of volatile 
catalysis. 

The problem of controlling and minimizing aging effects has only 
been partially solved by the propellant chemist. The problem facing 
the propellant chemist is that of formulating completely stable solid 
propellants which undergo insignificant changes in all aging environ- 
ments. This goal has effectively been attained only for polybutadient- 
acrylnitrile acrylic acid terpolymer (PBAN) propellants, which typically 
undergo about a 25% decrease in strain properties during the first year 
of aging and then remain relatively stable thereafter. 

Continued post-cure cross-linking is exhibited by all composite 
propellants to a greater or lesser extent. One effective means of 
controlling post-cure reactions has been to extend the cure cycle to 
assure completion of all normal cure reactions. This technique, although 
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effective in minimizing continued cross-linking during storage, may 
frequently result in undesirable, and unacceptable unaged propellant 
physical properties. The most desirable method of controlling the 
effects of post-cure reactions is to maintain a balance between post- 
cure cross-linking and chemical scission of polymer chains. For this 
situation the aging behavior obtained from conventional aging of bulk 
samples is indistinguishable from the unaged properties inasmuch as 
polymer chains are broken and new cross-links are formed in an 
unstressed state. In a composite solid propellant grain under ambient 
storage conditions, the polymer chains that are broken are in a strained 
state; however, the new cross-links formed are still in an unstrained 
state. Forming new cross-links in an unstrained state in propellant 
which was previously strained de-emphasizes the importance of the effects 
of previous loadings. In essence, the propellant has no memory for prior 
loadings. 

Oxidative cross-linking is primarily a surface phenomenon which 
is suppressed to a certain extent, but not eliminated by the presence 
of antioxidants in the propellant prepolymer. This effect is further 
minimized by sealing the rocket motor interior in an inert gas environ- 
ment. 

Migration effects may be reduced to tolerable levels through con- 
sideration of the equilibrium concentrations of migrating species and 
the use of migration barriers. Primarily, effort has been directed 
toward the elimination or reduction of the degradation of adhesive 
bonds attributed to plasticizer migration. 
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4.6 EPOXY/CURATIVE RATIO EFFECTS 

Chemical effects represent an additional variable, in particular 
the epoxy/curative ratio investigated during the program, since the 
Thiokol SRM propellant is an epoxy cured PBAN propellant. It is a 
common practice to vary the epoxy/curative ratio to maintain quality 
control in large production propellant castings. Usually the stress 
relaxation modulus at some fixed time or the strain at maximum stress 
in a constant strain rate test [29] is selected as the appropriate 
mechanical property governing quality control limits. It is alwo known 
that epoxy/curative ratio variations affect the dynamic response [13,15]. 
Therefore, an investigation was carried out to determine the extent 
and significance of chemical changes on the SRM propellant dynamic 
response. 

For the shuttle SRM program, the variable epoxy/curative ratio 
is inherent in the manufacturing process for maintaining quality con- 
trol over physical properties; hence, the epoxy/curative ratio has no 
effect on the dynamic response model. 

4.6.1 General Discussion of Epoxy/ Curative Ratio Effects 

The epoxy/curative ratio in a solid propellant is very influen- 
tial in determining the value of the dynamic moduli. Ideally, this 
ratio is equal to 1.0 in order to provide just enough curative to 
guarantee cross-linking of all availa'ble chain ends with none left 
over for post-cure reactions nor none deficient possibly leading to 
initial undercure and subsequent oxidative hardening. 
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The practice at Thiokol /Wasatch however, is to; 

1. Determine the functionality of the various polymer 
batches making up the PBAN {Polybutadiene acrylic- 
acid acrilo-nitrite terpolymer). 

2. Calculate the epoxide-curative ratio so that the 
proper amount of curative is. added to achieve the 
designated tensile modulus. 

3. Use quality control constant rate tension tests 
to confirm that the specified value of tensile 
modulus is met within acceptable tolerance limits. 

4.7 INTERNAL HEAT GENERATION 

As noted previously in Section 3.1, a problem associated with 
vibration is that of generating local temperature increases sufficient 
to cause either that of generating local temperature increases suffic- 
ient to cause either spontaneous ignition of the propellant or severe 
mechanical degradation. The rate of energy dissipation into heat for 
a- linear viscoelastic material is proportional to the frequency of 
vibration, material stiffness, (i.e., the real part of the complex 
modulus) and the square of the magnitude of the deformation. Thus, the 
vibration problem is typically most severe for conventional motors under 
the low frequency, first resonant mode, at high temperatures. In this 
situation the propellant stiffness is a- minimum for vibration conditions, 
and the motion of free surfaces (e.g., a starpoint) is greatest, 
resulting in maximum energy dissipation into heat. The problem is 
further complicated by the characteristically strong temperature 
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dependence of propellant mechanical properties. This temperature 
dependence makes the energy dissipation very sensitive to temperature 
variations so that a continuing periodic forced motion can give rise 
to substantial temperature increases. 

i 

Typical thermomechanical response and heat generation for dynamic 

double-lap shear tests of a PBAA propellant showing the potential 

^ ¥ 

magnitude of the problem are presented in Figures 7 through 11, taken 
from Reference 31 . 

It is not likely that autoignition or chemomechanical degradation 
of the shuttle SRH propellant will be encountered; however, temperature 
increases sufficient to change the viscoelastic dynamic response proper- 
ties during vibration could develop for certain vibration modes. An 
analysis based on longitudinal, through-the-thickness shear vibration 
[6] yielded an estimated temperature increase of less than 1°K. This 
increase is not sufficient to alter the propellant properties signifi- 
cantly. 

The shuttle SRM would need a burn and flight time in excess of 
10-20 minutes before sufficient viscous dissipation could occur to 
produce temperature changes sufficient to meaningfully affect the 
propellant dynamic modulus. Hence, it is concluded that internal heat 
generation can be neglected in the SRM propellant dynamic response model. 

4.8 DAMAGE EFFECTS 

Based upon our extensive studies of the nonlinear permanent 
memory behavior of solid propellants over the past few years we were 
initially concerned that the response of the SRM propellant could be 
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considerably different during vibration if the SRM has previously seen 
vibration at a higher frequency analogous to the static behavior of 
many propellants at modest strain levels (see Equation (33)), In 
this situation, the propellant stiffness at the lower frequency 
following previous vibration at a higher frequency could be lower. 
Amplitude changes could also give this effect. 

Based on subsequent investigations we have concluded, however, 
that damage or permanent memory effects are negligible over the domain 
of operation of the shuttle SRM. 

Strictly speaking, the statement that there are no damage effects 
present is not true. The fact that propellant dynamic data typically 
do not translate into comparable stress relaxation data according to 
linear viscoelasticity theory, is one indication of damage effects. 
Hov/ever we are not herein using relaxation data to obtain the dynamic 
moduli, but are directly utilizing dynamic tests. Thus, if the propel- 
lant is "damaged" under a few cycles of dynamic testing, this fact is 
not observable since all data is obtained under steady state dynamic 
conditions. Thus, any intrinsic damage is implicit in the moduli 
obtained at the various frequencies, strains and temperatures. 

Again, as noted in Section 4.3, the strain levels are apparently 
sufficiently low to have no effect; thus, the "cycling" damage is not 
observable. 


- 88 - 



V. DEVELOPMENT OF THE SRM PROPELLANT 
' DYNAMIC RESPONSE MODEL 

Based on the arguments of the previous sections it has been con- 
cluded that the SRM propellant dynamic response model need only account 
for temperature and frequency. The particular model selected, as 
noted previously in Section 2.2, is a power law (i.e., straight-line 
curve on a log-log plot of the form 

E = E^ (oja.^)" (10 

where E here can represent the real or imaginary part of either the 
dynamic tensile or shear modulus, E^ is the modulus at way = 1 and 
n is the slope on a log E versus log wa-j. plot. The time-temperature 
shift factor was selected to have the form 



where Tj^ is the reference temperature to which data at other tempera- 
tures is shifted and T. and m are empirically determined parameters. 

Equations (1) and (65) have been incorporated into a computer 
program which performs a least-squares curve-fit of laboratory data to 
determine the coefficient E^ and the exponent n and/or predict the 
dynamic moduli at any frequency arid temperature. 
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The following sections describe the rationale for selecting the 
model given by Equations (1) and (65), and validation of the model 
using UTI-610, TP-H1123 and H-13 propellant data, and a general 
discussion of the computer program. A listing, documentation and a 
user's manual for the computer program is presented in Appendix B. 

5.1 RATIONALE FOR SELECTION OF THE RESPONSE MODEL 

The analysis of Section 4.1 resulted in some very useful expres- 
sions interrelating the behavior of linear viscoelastic materials under 
different test nodes. The expressions of interest to the discussions 
here are 


and 


8o(t) 

de 


= E,el(t) 


G=Rt 


E*(w) = 


U=1U) 


Erel(t) 

E'(m) = 




E|^ exp(-t/Tj^) 
1 + 


E"{w) 



1 + (WT,^)^ 


(32) 

(49) 

(50) 

(51) 

(52) 


As pointed out in Section 4.1, Equation (32) expresses the fact 
that for a linear viscoelastic matrial the instantaneous slope of the 
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stress-strain curve, in a constant strain rate test with strain rate R, 
evaluated at e = Rt, gives the stress relaxation modulus at time, t. 

Equation (49) expresses the Fact that for a linear viscoelastic 
material, the complex cynamic modulus is given by the Laplace trans- 
form of the relaxation modulus evaluated at iu and multiplied by lu. 
Using Equation (49) and the Dirichlet exponential series in Equation 
(50) to represent the relaxation modulus, then the storage and loss 
components of the complex dynamic modulus are readily determined, as 
given by Equations (51) and (52), in terms of the parameters describ- 
ing the relaxation behavior of the material. 

The significance of the above comments is that for a linear visco- 
elastic material any single test is sufficient to uniquely determine 
the material response to any other test. Unfortunately, in the case 

of solid propellants, v/hereas the propellant may appear to be linear 

. • 

under any one given test condition, such as constant strain rate, 
constant stress, oscillatory stress or strain, attempts at converting 
the data to another test condition are seldom successful. 

Part of the test program carried out at the University of Utah 
on UTI-610 propellant for the NASA/Langley facility involved investi- 
gating the validity of the relations given by Equation (32) and (49) to 
(52). Figure 12 presents the master stress relaxation modulus versus 
temperature-reduced time as determined from direct experimental obser- 
vations and calculated from Equation (32). Without belaboring the 
point, the agreement is quite poor. The errors become even worse when 
one carries out the next step of converting the constant strain rate 
and relaxation data to dynamic data as shown in Figure 13 for the 
storage modulus in tension and shear. 
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FIGURE 13- MASTER DYNAMIC MODULUS VERSUS 
TEMPERATURE REDUCED FREQUENCY 



One additional interesting observation from Figure 13 is that the 
measured dynamic tensile modulus is very , nearly one-third the measured 
dynamic tensile modulus, thus supporting the normal assumption that 
propellants behave as incompressible materials (i.e., v = ^). 

Based on the above observations another representation of the 
dynamic moduli was sought. Other expressions used to represent the 
relaxation modulus include [5,6] a modified power law 


"rel 


(t) = Eg + 


En - E. 

_0 


( 66 ) 


where E is the long-time equilibrium modulus, E„ is the short-time 
glassy modulus, is a characteristic time taken to be the midpoint 
of the transition region from glassy to rubbery response and n is 
the slope of the modulus curve through* the transition region. Equa- 
tion (66), however, while capable of representing other polymeric 
material behavior does not work well with solid propellants -since it is 
extremely difficult to conduct tests o'ver a short enough or long enough 
period of time to- define the glassy and rubbery moduli, respectively. 
Most propellants exhibit the behavior shown in Figure 12 of a straight 
line behavior over many decades of time. Also, Equation (66) is not 
well suited for taking the Laplace transform to determine the dynamic 
-moduli; and one would still not expect much better agreement than that 
shown in Figure 12. 

The relaxation behavior in Figure 12 is easily represented by 
the simple power law 
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E,ei(t) 


(67) 


= E^(t/a^)" 

However, this equation is also difficult to Laplace transform for n not 
equal to an integer (n typically ranges from 0.1 to 0.3). 

A more direct approach based on the observed behavior of £' and 
G' in Figure 13 and Thiokol data to be presented subsequently over 
the anticipated temperature-reduced frequency of interest to the shuttle 
SRM (1 to 1000 Hz) is to utilize the simple power law given by Equation 
(1) directly; which is what we have chosen to do. 

The efficient utilization of the model given by Equation (1) in 
a computer program requires analytical specification of the time- 
temperature shift function. Several representations are commonly used 

» i t 

to represent a^. The most famous is the WLF equation 
-8.86 (T-Tg) 

log a^- = (68) 

‘ 101.6 + (T-Tg). 

where the temperature, T is measured in degrees Kelvin. The tempera- 
ture, Tgis approximately equal to the glass transition temperature 
Tg + 50°. Equation (68) works well for amorphous polymers for which it 
was developed, but does not always fit propellant data very well. 

Another representation frequently used in numerical computational 
schemes involves approximating the shift-factor curve by piece-wise 
log-linear curves of the form 

a.j. = 10"^^"’’’^^ (69) 
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Equation (69) is complicated to use with the dynamic response model 
selected since more computational time would-be spent in locating the 
transition temperatures for the straight line segments than in evalua- 
ting the model. 

i 

A better representation than either Equation (68) or (69) for 
representing the shift-factor for a solid propellant is obtained using 
the modified power law representation given by Equation (65). 

Figure 14 shows the experimentally determined shift factors 
used in generating the curves presented in Figures 12 and 13 compared 
with the analytical fit using Equations (68) and (65). The temperature 
Tg was chosen to be 323° K in Equation (68) and the parameters in 
Equation (65) were determined to be 

Tj^ = 298° K 

= 233° K 
a 

m = 15.0 

Even though the WLF equation, Equation (68) gives results within the 
3 a limits of the experimentally determined shift factor, Equation 
(65) more closely approximates the mean values of the experimental 
shift factor curve. 

5.2 VERIFICATION OF THE DYNAMIC RESPONSE MODEL 

As mentioned previously, the SRM propellant dynamic model was 

validated using test data obtained at Thiokol [2] and at the University 

of Utah [3]. Figure 15 presents the real and imaginary parts of the 

dynamic shear modulus for TP-H1123 live propellant and H-13 inert 

propellant versus temperature-reduced frequency. 
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Figure 15. Dynamic Shear Modulus Versus Temperature Reduced 
Frequency for TP- HI 123 and H-13 Propellant 
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Fitting the model given by Equation (1) to the data presented in 
Figures 13 and 15 gave the results presented in Table IX for the 
coefficient and the exponent n. 

A comparison of measured dynamic response with calculated moduli 
using the model parameters in Table IX is shown in Table X. It is 
seen that even though there is considerable experimental data scatter, 
the selected model for the SRM propellant dynamic response describes 
the behavior very well. 



TABLE IX 



MODEL 

PARAMETERS 

* 


UTI-610 

TP-H1123 

H - 13 


E'(kN/m^) 

G' G" 

(psi) (psi) 

G’ G" 

(psi) (psi) 

^0 

7867 

-120 19 

83 15.8 

n 

0.26 

0.58 0.89 

0.59 0.9 


5.3 COMPUTER PROGRAM FOR THE DYNAMIC RESPONSE MODEL 

The SRM propellant dynamic response model given by Equation (1) 
was programmed using Standard ANSI FORTRAN IV. Detailed input instruc- 
tions for the code are provided in Appendix B. A brief general discus- 
sion of the program capabilities is described herein. 

The use of the code begins by constructing a master dynamic 
modulus curve versus temperature-reduced frequency from tests conducted 
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TABLE X 


COMPARISON OF PREDICTED AND MEASURED DYNAMIC MODULUS 

TP-H1123 

G'(psi) G"(psi) 


Temperature- UTI-610 

Reduced n/t.M/ 

Freouencv ^ > 


meas. 

calc. 

6 

11,900 

12,500 

10 

12,900 

14,300 

15 

14,500 

15,900 

20 

15,500 

17,140 

50 

20,000 

21,700 

100 

25,000 

26,050 


meas. 

calc. 

meas. 

calc 

346 

339 

93.3 

93.6 

452 

456 

148 

148 

575 

577 

216 

212 

716 

682 

272 

273 

1150 

1160 

617 

618 

1720 

1730 

1150 

1140 


H - 13 

G'(psi) G"(psi) 


meas. 

calc. 

meas. 

calc 

243 

238 

79 

79.2 

320 

323 

126 

126 

407 

410 

174 

181 

484 

486 

232 

234 

832 

835 

525 

534 

1260 

1260 

909 

997 



at several temperatures. Data points from this curve are input and a 
least-squares curve-fit is carried out to determine the coefficient 
.and the exponent n in the constitutive relation. Equation (1). 

The code has the capability of simultaneously curve-fitting the 
real and imaginary parts of either the dynamic tensile or dynamic shear 
modulus at different frequencies and at a different number of .points. 

If both the real and imaginary part of a modulus are curve-fit then 
the loss tangent is also calculated. 

Simultaneous with the curve-fitting procedure, predictions of 
dynamic response for the real and/or imaginary parts of the modulus 
can be made at different frequencies and different temperatures. In 
this case the parameters describing the temperature shift function given 
by Equation (65) must be input. The curve-fitting procedure is carried 
out in terms of the temperature-reduced frequency with respect to a 
given reference temperature. In making predictions, however, the actual 
frequency, at a given temperature where the response is desired is 
input and the temperature shift function calculated according to Equa- 
tion (65), 

Finally, as a third alternative if the parameters and n have 
been previously determined, the curve fitting routine is by-passed 
and predictions directly made. 

The code has the output formatted in SI units; hov/ever, it may be 
seen from Equations (1) and (65) that the calculations within the code 
are independent of the system of limits selected. 
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VI. DYNAMIC SCALING AND COUPLING BETWEEN 
MOTOR CASE AND SRM PROPELLANT 

6.1 DYNAMIC SCALING LAWS FOR SPACE SHUTTLE SRM 

Dynamic tests of 1 /8-scale models of the Shuttle External Tank, 
Solid Rocket Boosters and the Mated model have been conducted at the 
NASA/Langley Research Center [27]. These tests have been concerned 
with determination of resonant frequencies and mode shapes and evalua- 
tion of the NASTRAN dynamic model. Additional dynamic tests of SRM 
segments are planned,- As a tool for the evaluation of the NASTRAN 
dynamic model, it is not necessary that relations between the SRM model 
response and the' full-scale shuttle SRM's be determined. However, if 
information from dynamic model tests is to be used to deduce information 
about the vibration response of the full-scale or prototype SRM then 
appropriate scaling laws must be developed. For elastic materials 
in which the material properties (i.e., Young's modulus, E, and shear 
modulus, G) are independent of time or frequency simple geometric 
scaling of frequencies or amplitudes is sufficient. However, for visco- 

f 

elastic materials with E and 6 strongly frequency dependent, simple 
geometric scaling is usually not valid. 

For the viscous damping associated with solid rocket motor vibra- 
tion, normalized mode shapes are unaffected by scaling. Therefore, the 
discussion that follows is concerned with developing scaling laws relat-. 
ing the resonant frequency response of the model and the prototype. 

The analysis considers: 
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A. Longitudinal shear vibration of an infinitely long 
thick-walled hollow cylinder bonded to a rigid casing 
material; 

B. Axial vibration of a finite-length composite cylindrical 
rod, 

C. Bending of a composite cylindrical beam, 

D. Torsion of a composite cylindrical rod, 

E. Lateral vibration of a star point 

Two approaches are commonly used for determining the relation- 
ships between a model and its prototype. The conditions of similarity 
may be-expressed in mathematical form, using established laws of 
structural mechanics, and the principles of similitude ngoroUsly 
deduced from them, or the principles of similitude may be deduced using 
dimensional analysis and the well known "Buckingham Pi-Theorem." The 
latter approach is not dependent upon specific knowledge of the equations 
governing the system response, but does require that all variables 
affecting the system behavior be included. 

The first method is generally employed when the equations describ- 
ing the system response are known. This approach is followed subse- 
quently. The dynamic scaling laws are deduced from appropriate elastic 
formulae by replacing the elastic modulus with the storage modulus or 
real component of the viscoelastic modulus written in complex form. 

In this situation an iterative procedure is followed until the 
calculated frequency agrees with the initial assumed frequency (or by 
finding the intersection of curves of modulus versus frequency and 
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resonant frequency versus modulus). Stresses and strains, if desired, 
may then be calculated using viscoelastic properties at the frequency 
of interest. 

It is possible to carry out more refined analysis using NASTRAN 
or some other structural code; however, in view of the agreement shown 
in Section 3.3 between a simple model analysis and a NASTRAN analysis, 
such refinements are not required and add nothing new beyond the effects 
discussed herein. 


6.1.1 Longitudinal Shear Vibration 


We consider the longitudinal shear vibrations of a thick-walled hollow 



CoeTficient 


The resonant frequency, is given by 


■ 2 


2 9 


P 










(70) 
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where 


fi = circular frequency coefficient shown in Figure 17 as 
^ a function of a/b 

p = density 

2 

g = acceleration due to gravity = 386 ips 

G'(o) ) = real part of comolex shear mo’dulus evaluated at 
frequency 

Letting the superscript, or subscript, m denote model parameters and assuming 
linear scaling according to 
a*^ = ka 
b*" = kb 


where k is the scale factor, it follows that 


n = 1 -li ^ n^ 


(71) 


Thus, it may be seen that resonant frequencies do not scale directly, but 
depend also upon the square-root of the ratio of moduli evaluated at the 
appropriate model and prototype resonant frequencies. It may also be noted 
that had we attempted to match resonant frequencies in the model and the proto- 
type, it would have been necessary to use a full-scale model > as concluded in 
the initial IBM study [4]. 
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6.1.2 Axial Vibration of A Composite Rod 


The previous analysis did not consider end-effects. Finite-length effects 
are brought in for the geometry shown in FioureiS' which for free-ends has the 
resonant frequency equation 


n 

"n 2L 


V g + IKE' 
c c p p 

+ A^p_ 
c c p p 


(72) 


where, 


= 2irbt 

Ap =' ir(b^-a^) 

L =. grain length. 

Again assuming linear scaling 
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Fig. 18 Axial Vibration Model 


then 
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( 73 ) 
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Equation (73) can be used to evaluate the scaled frequency response for axial 
vibration. However, certain simplifications result if one considers construct- 
ing the model with an aluminum case compared to the prototype with a steel 
case. In this case 



Since E » E , the sensitivity of the frequency response with E„ can 

^ P P 

be investigated by writing Equation (74)~in the form 



which implies simple direct scaling. At the other extreme, supoose E (to^) = 10 

p n 

Ep(w^) which is considerably more stiffening than propellants actually exhibit. 
Then choosing 
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a = 22.5" 


b = 76.5" 
t = .75" 

= 30 X 10® psi 


as representative of the SRB case properties, and E'(w ) = 3000 as a maximuin 

r ' ^ 

expected storage modulus at the frequencies of interest, Equation (75) yields 


m 


fi) 


0) 


= {{ 1 . 021 ) 


(77) 


or approximately a two percent increase over direct linear scaling. It should 
be noted that the same results are obtained if one uses the same' casing mate- 
rial in the model and prototype and the same scaling factor as for other length 
parameters. However, reducing the case thickness by a factor of 8, for example 
for the 1/8^^ scale model could lead to buckling instability problems. 

As a more direct example, consider the model test results obtained at NASA/ 
Langley [27] and discussed in Section 3.3. For the situation being discussed 
herein, they found the first resonant axial mode at 149.7 Hz. Using this 
value for in Equation (75) and assuming that the tests were conducted at 
a temperature near 25®C (70®F) with E'(wJJ) determined to be 28.8 kN/m^ (4170 
psi) from Figure 13, the corresponding resonant frequency for the SRM is 
determined to be = 18.7 Hz where the following parameters, appropriate 
to the one-eighth scale lift-off configurcition have been used in the 
calculation: 
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t^, = 0J875 in 

a = 6.1875 in 

b = 9.5625 in 

= 11,376 in^ 

Ap = 167 in^ 

= 10 X 10® psi 
k = 0.125 

Direct scaling also gives = 18.7 Hz indicating that the stiffness of 
the propellant is 'negligible compared to that of the case. 

6.1.3 Beam Bending Vibration 

■ Consider the bending of a composite cylindr-ical beam as’shown in 
Figure 18. 



Fig. 18 Beam Bending Model 


The resonant frequency, is given by 


% 




( 78 ) 
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where is a parameter which depends on end conditions as shown in Table XI 


El = (EI)p + (EI)^ 


^ + A^ 

c p 


^n 

End Cond‘'''''“'-IL_ I 

2 

3 

CANTILEVER 0.561 

3.57 

9 82 

PINNED -PINNED 1 57 

6,29 

14 15 

FIXED-FIXEO 3 57 

9 82 

19.26 

FREE-FREE ' 3.57 

9 82 

19.26 


Table XI* End Condition Parameter 


where 


T - IL / \ 

“ 4 -3 ) 

Ic " 4: (C -b ) = TTb t 
Ac = ir(c^-b^) ~ 27fbt 
Ap = Tf(b^-a^) 


Assuming linear scaling again such that 


It follows that 
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(El)*" = E^I^ 


m\. 4, 



[kE'{w";)I + 

'• p' n'' p 


c c' 



k^A^p^ + k A p 


O. 


k,A^ + k A_ 
1 c p 


(79) 

(80) 


If we again consider the prototype case material to be steel and the 

model to be aluminum, it again follows that k, = 3k, = p /3, = E /3 

1 c c ’ c c 

and Equations (79) and (80) reduce to 


(El)'” = k‘"[E' (w'”)I + E I ] 

p^ n^ p c c-* 


(81) 


and 



P 


Then, 


.m 


(0 


w_ 


W ^ Vc 

E'(w ) + E I” 
p' n' c c 


(82) 


From Equation (82) it is seen that geometric scale factors have no influence 
on the frequency response under bending, and therefore, E'p(w||IJ) = Ep(Wj^) 
so that Equation (82) gives = 0 )^^. 
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6.1.4 Torsional Vibrations 


We consider the torsional oscillations of a thick-walled, finite-length, 
hollow cylinder bonded to a thin elastic casing. The resonant frequency 
response is given by 


(jO 

n 



%! . 

¥ P 
^ P 


V 


pi + p I 
p c 


(83) 


where and Ip are as given before. 
Again assuming 


a*^ = ka 
b"^ = kb 
l"’ = kL 
t"’ = k^t 


it follows that 


m 




0) 



,m 


®c 



pi + p I 
* ^p p *^0 c 


p K c c 


(84) 


Again, selecting aluminum as the model case material, with g'^ = G^/3 and 
k.j = 3k, Equation (84) reduces to 
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6.1.5 Lateral Vibration of A Star Point 


The geometry tor the lateral vibration of a star point is shov/n in 
Figure 19. The analysis treats the star-point as a cantilevered beam. The 
first resonant frequency is given by 



The lateral vibration of 'a star point gives rise to the only reasonable 
situation where a temperature risedue to sustained vibration may be of concern. 
The adiabatic temperature rise rate at the first resonance is given by 

^ 3 (2»pe^, , 

dt 8 E' )c 1‘^max' 

with 

a =p^4n-^ 
max ^ b 6 
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where a stress concentration factor of 2.0 Is assumed at the base corner and 


6 = propellant loss tangent 
c = propellant specific heat 
n = acceleration in g's. 

From Equations (88) and (89) 

(de/dt),„ _ 3 n/ 

(d0/dt) ■ E'(mm ^2 


where use has been made of the relation 
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max 


o. 
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m o 
n B 


max 
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(90) 


(91) 


6.1.6 Summarv of Scaling Laws 

Scaling laws have been presented for the primary modes of vibration of 
the shuttle solid rocket boosters. These equations are obtained from the 
equivalent elastic formulae by .substituting the tensile. or shear storage 
modulus at an assumed frequency of interest for the elastic moduli. In 
practice it is usually necessary to interate until the calculated frequencies 
agree with the assumed frequency. Only two or three iterations are usually 
required. 

It can be seen, that in contrast to elastic structures with frequency 
independent properties, relations between resonant frequencies of the model 
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and prototype may in principle, depend also on the respective propellant 
storage moduli; particularly under shearing type loading conditions. However, 
as a practical matter as illustrated in the previous section, this stiffen- 
ness of the propellant Is negligible compared to the case stiffness. 

As a practical matter, it may also be seen that certain simplifications 

in the scaling laws result when aluminum is selected for the casing material 

of the model in place of the steel in the prototype due to nearly constant 

relations between E,'G and p for steel and aluminum. The use of aluminum as 

the model case material allows a thicker case than would be allowed from 

direct scaling of steel. For example, for 1 /8-scale models such as those 

tested at NASA, Langley Research Center, the aluminum case thickness could be 

.375t or approximately 0.28" compared with 0.094" for direct linear scaling. 

Furthermore, it v;ould seem that a 1/10 or 1/12 scale model would be the 

practical limit to prevent buckling instability and keep resonant frequencies 

1 th 

of the model in an easily measurable range. For example, for a 1/10 -scale 
model with a variation of, say 2, in the storage modulus in the frequency range 
of interest, the resonant frequency of the model would be about 14 times the 
resonant frequency of the prototype. This would seem to be a practical 
limit of readily available dynamic recording equipment. 

6.2 COUPLING BETWEEN THE SRM PROPELLANT AND MOTOR CASE 

It has been mentioned several times previously that in the vibration 
of solid rocket motors the propellant provides all of the mass and the motor 
case provides all of the stiffness. This fact was illustrated for the one- 
eighth scale model tests in the previous sections. With regard to the full- * 
scale SRM, the equations of Section 6.1 can be used to reach the same conclu- 
sion by specializing the propellant modulus to zero and comparing the results 
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obtained to the situation where they are taken to be non-zero. For example, 
in the case of longitudinal composite-rod vibration, Equation (72) becomes 




V ApPp + 


Using the following properties [4] 

g = 386 ips^ 

L =1200 in 
= 222 in^ 

= 28 X 10^ psi 
Ap = 14,358 in^ 

= 0.28 Ib/in^ 
p = 0.064 lb/in^ 

r 


(92) 


Equation (92) then yields = 20.604 Hz. Using Equation (72) with ^□'('*5) 
2510 from Figure 13, gives w-j = 20.664 Hz, a negligible difference. 

Similar results are obtained for the simple beam bending model in 
Equation (78). 

Thus, coupling between the case and propellant is nonconsequential . 

The case will provide stiffness and the propellant will provide the mass 
and damping characteristics. 
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VII. CONCLUSIONS AND RECOMMENDATIONS 


7.1 CONCLUSIONS 

Based on an extensive literature survey it has been determined that 
the only significant variables that need to be included in a dynamic 
constitutive relation for the shuttle are frequency and temperature. 

The possible effects of humidity level, static and dynamic, strain level, 
hydrostatic pressure, aging, epdxy/curative ratio, internal heat genera- 
tion and damage or permanent memory effects were investigated and found 
to be inconsequential for the shuttle SRM. 

Accordingly, experimental test data on PBAN propellants [2,3] related 
to the SRM propellant were used to generate the dynamic response model in 
the form of a simple power law, 

E'(w) = Eq' {(oa.j.)" 

E”{m) = E^" (oja^)" 

G'(w) = Gq (waj)'^ 

G"(tj3) = 6q" {(oa-j-)*^ 

Temperature is accounted for through the time-temperature shift factor 
which was taken in the modified power law form 
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A computer program was written for curve-fitting laboratory dynamic 

test data to determine the parameters of the constitutive model and for 

* » 

predicting dynamic moduli at any desired frequency and temperature. 

Additional studies were conducted to investigate scaling laws anc 
coupling between the SRM propellant and the motor case. Certain advantages 
are obtained if scale models of the SRM use aluminum for the case material. 
Even so, it seems that a one-tenth scale model is about the practical 
limit for scaling. 

Due to the fact that the SRM motor case is so much.stiffer than the 
propellant and the propellant mass so much' greater than the case, the case 
provides overall stiffness to the system and the propellant the mass and 
damping characteristics. This fact results in the resonant frequencies < 
between a scaled SRM and the prototype SRM being approximately equal. 

Near propellant burn-out, the vibration characteristics are dominated 
by the case. 

7.2 RECOMMENDATIONS 

While the results of this study have produced a workable dynamic 
model which includes all of the pertinent variables affecting the dynamic 
response of the shuttle SRM propellant, there are still several aspects 
relating to the dynamic response and structural integrity of the SRM 
which remain to be investigated. 

With regard to the propellant, these include: 

A. Development of correlation between static test and 
dynamic test properties for the SRM propellant since 
routine static testing will be conducted to maintain 
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quality control of production propellant castings 
and not dynamic tests. 

B. Extend SRM propellant dynamic model to a probabilis- 
tic model in order to assess the inherent stochastic 
variations of propellant properties. 

With regard to the overall SRM vehicle dynamics, additional work 
necessary includes: 

A, Development of a simple lumped-mass model of the 
SRM for input .fo the external tank dynamic studies. 

B. Evaluation of material property gradients through- 
out propellant web,due to temperature gradients, on 
the dynamic response of the SRM. 

In addition, there should be continuous and independent assessment 
of material property test results and structural integrity investigations 
to insure that the most appropriate material properties are used in 

^ t 

structural analyses, to assess any potential degradation of material proper- 
ties, and to provide assistance should unforeseen structural rtrnblems arise 
related to the SRM propellant grain. 
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APPENDIX A 


LITERATURE SURVEY 


A-1 




This literature search has been conducted with the objectives of 
identifying (1) the pertinent variables which influence the dynamic 
viscoelastic response of solid propellants, (2) appropriate representa- 
tions for dynamic response of solid Dro*pellants, and (3) appropriate 
analysis tools and techniques for analysis bf the dynamic response of ^ 
Solid Propellant Rocket Motors. 

For convenience the literature has been divided into four categories; 

1. Dynamic Viscoelastic Characterization 

2 Dynamic Analysis 

3. Representation of Dynamic Properties and Theoretical 
Devel opments 

4. Thermomechanical Coupling 

Abstracts are numbered sequentially within each section and an author 
index is provided for easy cross-referencing. 

No attempt has been made to provide"a~comprehensive literature 
search of all aspects of the dynamics or vibration of structures. Rather, 
attention has been deliberately specialized to the dynamics of solid 
propellant rocket motors and dynamic viscoelasticity as applied to solid 
propellants only. Thus, references to literature of a more general nature 
are kept to a minimum. 

The specific format for presentation of the literature survey was 
chosen to allow easy updating of the reference material from time to time 
in the future. 
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I. DYNAMIC VISCOELASTIC CHARACTERIZATION 


A-3 



I “001 “Dynamic Mechanical Properties of Solid 

Propellants/' (Quarterly T( clinical Summary 
Report, for period 1 April 1962 - 30 June 
1962^ Atlantic Resenrcii Corporaclon, 
Alexandria, Virginia, (ARl'A Order No 22-61, 
Project Code No 009-06-001, Contract No 
NOW 61-105^-C), July 30, 1962, 

Measuremears of the two components of dynamic shear 
compliance of the following propellants are reported PBAN 
propellant, TP-H-1001, at 66.6^C and at room temperature, 

PBAA propellant, “Propellant D“, at 35 1®C, and polyurethane 
propellant, ^£BA-10, at room temperature 

Preliminary measurements indicate that the amount of 
compression applied to the sample to keep it from slipping 
In the sample holder may have a significant effect on the 
> compliance 

A second thirty-five pound trial bitch of lP-H-1001 was 
nixed Delivery of the high-pressurr encloMiio has hcon 
delayed because the first ♦. isting oC the shi. U did not meet 
specifications regarding magnetic properties 


I “002 “Dynamic Mechanical Properties of Solid 

Propellants," Quarterly Technical Summary 
Report^^for period 1 July 1962 - 30 Soptembei 
1962, Atlantic Research Corporation, 
Alexandria, Virginia, (ARPA Order No 22-61, 
Project Code No 009-06-001, Contract No 
NOw 61-1054-C), October 30, 1962 
Measurements of the dynamic shear compliance of a poly- 
urethane propellant, AEBA-10, are reported for approximate 
Intervals of ten degrees centigrade from -15®C to +65‘*C 
The data appear Inconsistent, particularly above room 
temperature, and additional investigation Is required. 


I “003 Mechanical Properties of Solid Propel- 

lants, Quarterly Technical Summary Report, 

1 October 1962 - 31 December 1962.“ Atlantic 
Research Corporation, Alexandria, Virginia, 

ARPA Order No 22-61, Contract NOw 61-1054-C, 
December 31, 1962 

Measurements of the d^-namic shear compliance of a poly- 
urethane propellant, ACBA-lO, are reported for lempera- 
Uire intervals of' approximately ten degrees centigrade from 
»25®C to 465®C Iho humidity environment w.is nioic 
• losely controlled and momtored during these measurements 
lo determine if ilu, moisiure content of the samples was a 
contributing factor in some of the inconsistencies previously 
^ported 


"Dynamic Mechanical Properties of Solid 
Propellants," Quarterly Technical Summary 
Report, for period 1 January 1963 - 31 March 
1963, Atlantic Research Corporation, 
Alexandria, Virginia, (ARPA Order No» 22-61, 
Project Code No 009-06-001, Contract No 
NOW 61-1054-C), Hay 10, 1963. 



Measurements of ttie two components of the complex 
dynamic shear conpliance of a polyurethane propellant. A? DA- 
10, are rt ported for appro\lmate temperature Intervals of ttn 
degrees centigrade from -15 to +65 Ihcsc measurements 
represent a duplication of some of the picvlons work using 
new samples of the same material previously measured. The 
objective here was to resolve some of the inconsistencies 
previously reported 


1-005 ^Dynamic Mechanical Properties of Solid Pro- 
pellants - Final Summary Report 32 June 1961 
- 31 July 1963“ Atlantic Research Corpora- 
tion, Alexandria, Virginia, January 15, 1964', 
This rcpoil sumrnarii&e& the work performed under Con- 
tract No NOw 61-1054-C concerned with the measurement 
of cel l. mi (lyn.imic nu chain r.il propci lies of solid propol- 
lan Is 

‘W\K ohn ctivt' of ihiH lo tU>ftno d\c dvnrtmlr 

shear properties of selected propellants at frequencies be- 
tween 25 cps and 2, 000 cps at temperature of -50°C to 75°C* 
and at pressures up to i, 000 psig 

Measurements are conducted with a Fitzgerald Apparatus 
which applies a sinusoidal shear stress and shear strain to 
a com-size sample of propellant Continuous smooth curves 
depicting compliance of propellants having a hydrocarbon 
binder and a polyurethane binder as a function of frequency 
and temperature have been constructed ^ 

Cure time of the hydrocarbon-type propellant was found to 
influence compliance measurements Propellant cured 
under representative conditions of actual grains continued 
to change with lime, particularly as the temperature was 
raised through a sequence of measurements Propellant 
cured for longer lengths of lime was stabilized, as cvi- 
“dcn-ced by Iht approximate duplication of properties at 
ambient temperature at the beginning and end of a test 
senes. Small changes in moisture content were shoxs-n to 
effect the compliance Increasing static compressive strain 
normal to the shear plane appeared to decrease compliance 
markedly Attempts to apply the method of reduced varia- 
blvs to these data have not been successful 


1-006 "Dynamic Mechanical Properties of Solid 

Propellants - Quarterly Teclmlcal Summary 
Report No. 2, I March 1964 to 31 May 1964^', 

* Atlantic Research Corporation, Alexandria, 

Virginia, July 1964 

The calibration of the Fitzgerald Apparatus at ambient andv 
elevated temperatures was completed. Dynamic shear mod- 
ulus measurements were made on a new batch ol the poly- 
urethane propellant in order to determine tiie degree of 
similarity between this batch and the previous batch on which 
the basic data were obtained. Data h'avc been obtained show- 
ing the effects of hydrostatic pressure and accelerated aging 
on dynamic shear modulus of a polyurethane propelland. Sam- 
ples of two propellants have been placed in constant humidity 
atmospheres for conditioning prior to studying the effect of 
absorbed moisture on the dynamic shear modulus. 



1-007 Robinaon, C. N, • "Dynamic Wccbanlcal 

PjropQrtles o£ Solid Propollants “ Qua.ttcrly 
Technical Summary Report No, 3, 1 June 
1964 - 31 August 1964." Atlantic Research 
Corporation, Alexandria, Virginia, October 
1964, 

Problems In the Fitzgerald Apparatus temperature monitor- 
ing system have been eliminated and the earlier data cor- 
rected to reflect the effect o£ these changes. Dynamic 
shear modulus measurements were made on a new batch of 
the TPH-IOOI PBAN propellant. Comparisons of these 
data with results from an earlier batch indicate a significant 
difference between the mixes. Dynamic shear modulus data 
have also been obtained showing the effects of accelerated 
aging on the TPH-1001 propellant and the effect of moisture 
on the AEBA-10 propellant. 


1-008 Robinson, C, N "D)naimc Mech.imcal 

Properties of Sohd^ropellants*', TR- 
PL.-6313-01, Annual lechnical Summary 
Report for period of 27 November 1963 to 
26 November 1964, Atlantic Research 
Corporation, Alexandria, Virginia, April 
1965. 

The objective of this program is the continued measure- 
metU of the complex dynamic shear properties of a PBAN 
and a polyurethane propellant system as a function of £re- 
quency The Fitzgerald Apparatuc is the primary cxpci - 
imental tool for this study Measuruncnls have been made 
indicating the effects of temperature, pressure, aging and 
humidity on the dynamic properties of these propellants 
Data have been obtained showing the effect of ternpera- 
ture Qii the dynaimc properties of ni,w batches of both the 
PBAN and PU propellants Ihese results appear to be con- 
sistent with the prediction of ihe WLF 1 ime- lemperature 
superposition principle However, while the data for the 
polyurethane propellant were m excellent agreement with 
Cfirher resiiUs, the d.it«i for the PliAN propellant wi re 
Significantly different from pieviously obtained resulii 
The reason for this discrepancy is not apparent 

Data obtained on the polyurethane propellant at pres- 
sures up to 1000 psig have indicated no etfeet of hydrostatic 
pressure on dynamic shear properties* This rcsutll is con- 
eistcnt with theoretical considerations 

The results of short-term accelerated aging at (>5^C 
indicate only minor changes in dynamic shear properties of 
both propellants. Th<,se results are m general agreement 
with data published by others concerning the aging charac- 
teristics of these propellants 

Expcrimenial dati have also been obtained showing the 
effect of moisture content on the dynamic properties of both 
propellant systems According to these results, the poly- 
urethane propellfint showed the more pronounced effects of 
moisture The effects of moisture on the FBAN propellant 
were not as pronounced and less sharply defined These 
results are also in good agreement with data reported else- 
where for the propellant system 


I-0D9 Robinson, C. N , Graham, P H . "Dynamic 

Midumical Properties of Solid PropU- 
lints," quarterly Technical Summ.irv 
Kepott, i kine to 31 Aukusc. 1965, 

Atlantic Rt**u'nrch Corponit loti , AloxamlH i, 
Virginia, 1965. 

The dynamic mechanical properties of TPH-lOOl PBAN bin- 
der have been determined over a range of frequency and tem- 
perature in the Fitzgerald apparatus A comparison between 
Incerconvettcd tensile data reported previously and current 
measuremencs rcdu«.ecl to a conuuon reference temperature shows 
substantial agreement between prediction .nnd experiment. 

A C rPB propellant and binder system hns been selected 
for cone lnu.it Ion studies and the embedded gage investigation. 
This propellant has been characterized In Che uniaxial tension 
test over n broad range of temperatures and straining lates 
and the binder has been tested in the Fitzgerald apparatus 
Iho rusult*; an prisiuitod In tahiilm form and prii|>ble ploln, 
The raaikcd slmiKiitty in behavior for botli tli« CTPIi and 
PBAN formulations Is discussed and difficulties Inherent in 
the definition of a reference temperature are described. 

A composite double-base formulation, Arcocel 322, has 
been characterized In the Ficzgerlad apparatus The experi- 
mental data superposes smoothly with NLF values computed 

for a T of 299'^K 
s 
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Roblrson, C,N., Graham, P,H.» "Dynamic 
hechanicnl Properties of Solid Propcl- 
TR-ri.-92W, Final Technic il 
Sumnnry Report 27 November 1963 to 26 No- 
venbci 1965, Atlantic Research Ccip., 
Alexandria, Virginia, 1967. 


The objective of this program has been the measurement 
of the complex dynamics shear properties of several propel- 
lants and propellant binders. Several attempts have been 
made to predict dynamic shear proportxcc based on cho Inter- 
conversion of uniaxiil censitc data using Atlantic Research 
Cnrpniation developed comput-or proBrains. The unliixtol 
Ccitsjlc data wore obtained over i hroad ranje of strain rites 
and tomporaturoi. Uynninfc data and unlnylnl tensile data are 
presented to show the cflccts of molyttiro niid nccoUmred nR- 
lug cm Llicso proper LteiT 


i-on Tschocgl, N. W., Sniitli, J, R« ; Smith, T. L * 

"Vi‘Jcoeliisti<. Proportioa of Solid Pioj>uU.\uls and 
Propellant Binders " Quarterly Technical Sum- 
mary Report No Z, Stanford Research Institute, 
Menlo Park, California, February 15, 1964, 
Improvements have been made In the design and operation ol 
the low frequency dynamic shear tester. Special techniques 
have been evaluated for determining precisely the phase 
angle between the applied displacement and the resultant 
force In addition, theoretical work was directed toward 
dcternninlng the niaimor in which the specimen shape -factor 
depends on the laterally applied compressive force. 

A complete description is glVcn.'^jTa dynamic bulk comprea- 
Sibility apparatus and of the calibration and evaluating work 
done to date. 
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Tschoegl, N. W« , Smith, J, R. , Smith, 

T JLr "Viscoelastic Properties of Solid 
Propellants and Propellant Binders", 
Quarterly Technical Sumrnai y Report 
(Report No. Z for Contract Period)(Report 
No. 14 of Series), Stanford Research 
Institute, Menlo Park, California, for per- 
iod December 16, 1964 to March 15, 1965 
Studies supplementary to the determination of the dyna- 
mic shear modulus are reported. The effect of^specimen 
geometry and the magnitude of shear strain on the dynamic 
modulus of polyurethane propellant AEEA- 1 0 was studied. 

A method was worked out to correct measurements to the 
same level of shear strain to allow a direct comparison 
under all experimen^l ^pditions An evaluation of the 
differential Lissajous method fox determining small phase 
angled has shown that, at frequencies as low as 0 05 cps, 
a phase angle of the order of a few thousandths of a radian 
can be measured with good precision An evaluation was 
made of the static compressibility apparatus by determining 
the compressibility of dioctylsebacate at Z5 and 50^C and =»*■ 

( 

pressures up to 2000 psi. The results are in excellent 
agreement with reported data Factors that influence the 
reproducibility of data obtained with the dynamic compres- - 
sibility apparatus have been investigated. 


1-013 Tschoegl, N W , Smith, J. R.: "Viscoelastic 

Properties of Solid Propellants and Propellant 
Binders," SRI Project FRU-5174, Quarterly 
Technical Summary Report (Report No 3 for 
Contract Period, Report No 15 for Series) 
for period March 16 to June 15, 1965, Stanford 
Research Institute, Menlo Park, California, 
(Contract No. NOw 65-0061-d), J965, 

Data were obtained on the dependence of the shear moduli 
of a polyurethane propellant on shear strain at different 
frequencies and temperatures, and on the time of storage at 
low temperatures The propellant was then tested in the 
dynamic shear tester over extended ranges of temperature and 
frequency. The data are presented in graphical form 


temperatures could be precisely superposed to yield compo- 
site curves In addition, the influonce of specimen geom- 
etry, lateral compression, and shear strain on the dynamic 
moduli of the propellant and of an unfilled styrene-butadlonc 
rubber was Investigated 

The static bulk compressibility of polyurethane propel- 
lants containing 70X and 80% solids vas determined at tem- 
peratures between about -63 to 65°C and at pressures up to 
about 1500 psi, and the dynamic compressibility of the 80% 
solids propellant was studied between -30 and 65°C at static 
pressures from 300 to 2000 psi. The storage compressibility 
at frequenclos between 0 5 and 100 cps was sensibly inde- 
pendent of both frequency and pressure. Its temperature de- 
pendence was essentially the same as that for the static 
compressibility The loss compressibility was estimated to 
be quite small The influence of moisture on the glass tem- 
perature, T , of a polyurethane propellant was briefly 
6 

investigated as well as the effect of time and pressure on 
the *1^ of nn unfilled v>oJ yin etiwmo ^polvmcr 

Stress-strain dita obtained on a polyurethane propel-* 

Isnt in uniaxial tension at various extension rates and tem- 
peratures were analyzed to obtain the constant c train rate 
modulus From these data, the storage and loss dynamic ^ , 

moduli were computed. 

1-015 Cantoy, D. • "Solid Propellant Structural 

Integrity Investigations, Dynamic Response 
and Failure Mechanisms," RTD-TDR-63-113, 
' LiOckKoed Propulsion Company, Redlands, 

California, December 6, 1963. 

The program effort is divided into two phases. Phase I 
covers dynamic response in solid propellants. Effort durini 
the reporting period was directed toward theoretical reso- 
lution of experimental data obtained during the fir at three 
quarters of the program and on systematic collection of 
additional propellant physical property data. Transient and 
dynamic viscoelastic behavior of additional propellant for- 
mulations was determined, equivalence of transient and 
periodic propellant characterization was Investigated, and 
dielectric investigation of binder polymers and curing 
effect was carried out. 


I**Q14 Smith, Thor L. , Smith, James R , 

Tschoegl, Nicholas V? "Viscoelastic 
Properties of Solid Propellants and Pro- 
pellant Binders," Final Technical Sum- 
mary Report, 1 July 1961 to 15 April 
1966, Stanford Research Institute, Menlo 
Park, California, April 15, 1966. 

This final report presents the results of a four-year 
research program on the meclianical properties of solid pro- 
periants and unfilled elastomers Studies were made of 
(1) dynamic shear properties; (2) dependence of specific 
volume on pressure, temperature, and time; and (3) tensile 
properties at constant strain races 

The storage and loss moduli of a polyurethane propel- 
lant were determined at frequencies between 0 06 and 25 cps 
and at temperatures between -40 and 60°C, data at different 
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Fitzgerald, T E • "Solid Propellant Structural 
Integrity Investigations. Dynamic Rdsponae 
and Failure Mechanisms " Research Status 
Report No 12 for 21 Octobcr-20 November 
1963, Lockheed Propulsion Company, Redlands, 


^ California, Dncember 12, 1963. 

Measurement of sinusoidal viscoelastic moduli has been 
completed for Polynrbuli nn-R piopollant at temperaturoa 
from -45^F to fl38^F Good agreement has been obtained 
between dynamic moduli calculated from shear stress 
relaxation and directly nneasured shear dy-natme moduli for 
the same sample Stress relaxation characterization has 
been completed for the Polycarbutene-R cross -link density 
and recast oxidizer particle size formulation variations 
Significant variaiioiv in relaxation response arc observed 
for the cross-link density varjations. 





I-Ol 7 F.ugerald, J. E. • -soUd P.opellant Structural 
Integrity Investigations. Dynamic Response 
and Failure Mechanisms ■■ Research Contract 
Status Report No 11 for 21 November-20 De- 
cember 1963,. Lockheed Propulsion Company, 
RedJands, California, January 8, 1964, 
Progress is reported in the investigation of dynamic re- 
.ponse behavior of composite propellants, and in the study 
of the mechanism of propellant rupture. Also reported is 
progress m the general areas of finite deformation study, 
vibration mode analysis for case-bonded viscoelastic 
grams under isothermal and nonisothermal steady state 
thermal field conditions, and dynamic heat generation m 
Viscoelastic materials 


1-018 Ca"tcy, D. "Solid Propellant Structural Integ- 
rity Investigations Dynamic Response and 
Failure Mechanisms, " Final Technical Docu- 
mentary Report No RPL-TDR 64-32, Vol 1, 
Lockheed Propulsion Company, Redlands, Cal- 
iforma, April 17, 1964, LPC Report 618F 
This document presents the results and conclusions of a 
theoretical and experimental research program to correlate 
mechanical response and failure in solid propellants with 
basic material structural characteristics. The program wa 
concentrated on the study of propellant dynamic physical 
properties and structural failure phenomena Major empha- 
SIS in the program, directed at the complementary problemt 

and failure mechanisms 

and l,r ; ‘he effects of propellant binder 

of it bT -haracterlstlcs on these general aspects 

e av or, is reported upon. Measurements of vlsco- 
e astlc properties of various propellants using transient 
techniques are demonstrated and results are presented 
Investigation of propellant viscoelastic properties In dynam- 
ic shear ig also discussed. 


1^*019 Cantey, D, E. "Solid Propellant Structural 

Inlegrity Investigations Dynamic Response 

and Failure Mechanisms " LPC Report No 
667-Q-I, Technical Documentary Report No. 
AFRPL-TR-64^148, Volume 1, Lockheed" 
Propulsion Company. Redlands, California, 


I 020 Cantcy, D. E "Solid Propellant Structural 
Integrity Investigations Dynamic Response 
nad Failure Mechanisms." LPC Report No 
667-Q-2, Technical Documentary Report No 
AFRPL-TR-65-20, Lockheed Propulsion 
Company, Redlands, California, 15 January 
1965. 

The results of an investigation of viscoelastic and failure 
proptrtios of highly filUd PHAA and PHAN propellents as 
s function of solids loading are ri.poited. Failure suriiec 
study results are reported, and the results of a limited 
study of the relationship between crack propagation velocity 
»nd propellant physical characteristics are discussed 
Propellant dynamic shear and bulk properties were investi- 
gated with small deformation piezoelectric devices An 
experimental investigation of propellant thermomechanical 
response to sustaitied cyclic inertial loading was completed, 
and tho results m agree, nunl with lh« my are priscntid. 

Also discussed arc evperimental investigations of transient 
Ihermoviscoelastic response of propellant under constant 
cyclic strain amplitude and inertial loading 


I‘*021 Ferry, J, D, , Fitzgerald, E, R, , Grandine, L, 

D. , Williams^, M L. ‘/Temperature Dependence 
of Dynamic Properties of Elastomers, Relaxation 
Distributions." .Industrial and Engineering Chenn- 
istry, Vol 44, No 4, April 1952, pp. 703-706. 

By the use of reduced variables, the temperature dependence 
and frequency dependence of dynamic mechanical properties 
of rubberlike materials can be interrelated without any ar- 
bitrary assumptions about the functional form of either. The 
definitions of the reduced variables are based on some sim- 
ple" assumptions regarding the nature of relaxation process- 
es. The real part of the reduced dynamic rigidity, plotted 
against the reduced frequency, gives a single composite 
curve for data over wide ranges of frequency and tempera- 
ture, this iB true also for the irnagmary part of the rigidity 
or the dynamic viscosity. The real and imaginary parts of 
the rigidity, although independent measurements, are inter- 
related through the' distribution function of relaxation timcE* 
and this relation provides a check on experimental results. 
First and second approximation methods of calculating the 
distribution function from dynamic data are given. The use 
of the distribution function to predict various types of time- 
dependent mechanical behavior is illustrated. 


The results of an investigation of viscoelastic and fail- 
ure properties of highly filled PBAA and PBAN propellants 
as a function of solids loading are reported. The tempera- 
ture rise in shear specimens under constant large ampli- 
tude dynamic strains was investigated and compared with 
analytical predictions. The theory of thermomechamcal 
effects IS extended to include inertia loading and stationary 
random loading conditions. Initial results obtained from 
piezoelectrical test devices for measuring dynamic bulk and 
shear properties of propellants are reported. 


1^022 H., Bland, D. R. "The Analysis of 

Dynamic Tests of Visco-Elastic Materials " 
Technical Report No 7, Drown University, PA- 
TR/7, June 1954, Contract Nord 11496 
In this report methods of analysis of dynamic tests of visco- 
elastic materials are examined. It is shown that It is im- 
portant to develop the analysis on the basis of a general 
stress -strain relation, since the particular form of the re- 
lation for the material under teat is not known in advance, 
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and any arbitrary assumption about it may lead to contra 
dictions Such a general method^of analysis is discussed 
lor a simple longitudinal stress test/ and for the 'vibrating 
reed test Referencee to the published literature indicate 
that such contradictions appear m currently accepted anaU 
yses, and their influence 15 detailed 

In seeking a visco-eiastic model of springs and dashpots to 
represent the behaviour of the material, the method pre- 
sented eeparates the analysis of the test results from the 
determination of the appropriate model 


I-*023 D, R. j Lee, E, H.. ^'Calculation of the 

Complex Modulus of Linear Viscoelastic Mater- 
ials from Vibrating Reed Measurements *' 

Journal of Applied Physics, Vol Z(>, No, 12, 
December 1955, pp 1497-1503. 

Two methods of determining the variation of real and com- 
plex modulus with frequency from vibrating reed teat re- 
sults are detailed. One Is based on measurernents of the 
relative amplitude and phase lag of the motion of the free 
and driven ends of the reed, the other on amplitude reso- 
nance measurements only The analysis is based on a gen- 
eral linear viscoelastic law, and takes into account the 
influence of the frequency dependent moduli of the material 
on the frequency and amplitude of the resonance peaks. This 
influence has not been correctly accounted for In previous ' 
analyses which have included the assumption that the mater- ^ 
ial behaves according to a particular, simple viscoelastic 
law, which will m general not be borne out by tlie final re- 
sults. 

The method is applied to a series of tests For the material 
and frequency range tlie Imaginary part of the complex 

modulus was small compared "witli the real part, and the in- 
fluence mentioned In the foregoing was smail, A simpler 
method of analysis might thus be justified, but In other cas- 
es It will be necessary to carry out the complete analysis in 
order to obtain a satisfactory interpretation of test results; 


I *“024 Benbow, J. J • ''The Deterrninalion of Dynamic 
Moduli and Internal Friction of High Polymers 
from Creep Measurements, " Proc Phys. Soc 
B , Vol 69, 1956, pp. 885-892 
An account is given of the use of Fourier analysis to trans- 
form creep measurements to dynamic quantities with speci- 
fic reference to some measurements made on polythene 

The method is based on a technique described by Roesler, 
but addit{on^Ll theory is given which eliminates the necessity 
of determining the retardation spectrum explicitly. Using 
the derived dynamic quantities as a standard it is shown that 
more approximate methods provide sufficiently accurate 
transformations for many practical purposes if the retarda- 
tion spectrum of the material Is very flat. 


1-025 Jones, J W "Viscoelastic Cha racier laation 
of Solid Propellants by Transient Test Tech- 
niques " Journal of Applied Pol\mer Scieruo, 
Voi 6, 1962, p 331. 

The experimemai determination of solid propellant \is- 
coeiaslic physical characteristics using specialised test 
procedures 13 described Experimental and analytical diffi- 
culties connected with propellant physical characterization 
in the millisecond tunc domain are discussed Viscoelastic 
property specification by linear differential operator Icvli- 
niqucs IS dcsciibccl 


1-026 Laylon, li. U .Sheppard, G.A., nennett, 

S, J "Determination of thc^Dymamic Shear 
ModtiUiii of a Composlto Piopt‘llnnl, " 

Review of Scientific Instruments, Vol. 34, 
December 1963, pp. 1333-1340. 

Theoretical analysis of the principles of high- and low-fre- 
quency measurement of the dynamic behavior of viscoelastic 
materials, and application of these principles to determine 
the shear modulus of a ccmpoDitc solid propellant, in the 
frequency range from 0. 10 to 1, 000 cpa. The test specimen 
consists of two concentric metal rings carried by a flat 
plate of, propellant The high frequency data (70-1000 cps) 
are obtained by applying a known sinusoidal motion to Uie 
outer ring and measuring the response at the center. The 
transducer and center mounting are used as an inertial 
mass and arc included m the analysis of the viscoelastic 
plate The low frequency data (0 10-45 cps) are obtained 
by applying a known sinusoidal motion to the center of the 
cpccimcn the outer cxlgo in^«i clamped position. The 

applied force and displacemcnrare both measured at the 
center of the specimen. Typical results for the complex 
dynamic shear modulus with its real andumaginary parts, 
as well as the loss tangent, are given for a composite 
lolld propellant. These data indicate a precision of , 
approximately ^ 10 % 


1-027 Knauss. W G "On the Mechanical Properties 
of an H-C Rubber," GALCIT SM 63-1, Cali- 
fornia Institute of Technology, Pasadena, 
California. September 1963 Presented at 
ICRPG Meeting^ Hill AFB, Utah, November 
1963 

The material properties of H-C binder including dynamic 
ihear compliance, relaxation modulus, creep compliance, 
ultimate stress and ultimate strain are reported. Further 
uiicful information in the form of Modified Power Law and 
Prony Senes curve fits are Included as well as a master 
curve of reduced stress versus strain. 




IS poo® 



All teats are performed using standard procedures, however 
some inconslstancy in material properties has been found 
It was further determined that the time -temperature shift 
principle is not directly applicable in its simplest form, 
however, upon postulating two molecular mechanisms re- 
sponsible for gross deformations it is found that each one 
can be associated with a different characteristic glass tran- 
sition temperature such that, c g the dynamic compliance 
J(w) is the sum of two compliances and 

= (w, 

which individually follow the time temperature superposition 
principle, 


1-028 Smith, r L * "Machanlcal Response of a Poly- 
urethane Propellant to Constant Extension Rates 
and to Sinusoidally Varying Strains '* Dulleting 
of the 2nd Meeting ICRPG Working Group on 
Mechanical Behavior, November 1963, pp. 375 - 
394, 

Tensile stress-strain, curves were determined on a poly- 
urethane propellant at a large number of strain rates at 
nine temperatures between -50 and 70^C, At each tempera- 
ture, the data at strains below a.ome critical value could be 
represented quite precisely by the constant strain rate mod- 
ulus defined as F(t) = X o^/{ X^^)i where <T is the nominal 
atreas and X is the extension ratio. Data obtained at differ- 
Lnt temperatures were superposed to give a master plot of 
log F(t)298/ T vs, log t/a*p. Values of log a^p obtained by 
superposing the curves were in agreement with the WJjF 
equation based on the so-called universal constants, except 
for log a-j* values resulting from shifting -20 and -30^C 
data. At -20 and ~30°C, values of F(t) were unexpectedly 
large, apparently because propellant ernbrlttlcmcnt oc- 
curred during the teat periods. The master curve could be 
represented precisely by the equation log j^F(t) - 35oJ ^ 

-0, 26 log t t 2. 83 over the rai>ge -0<^ log t < 3, where F(t) 
is m psi and t is in minutes. By the use of inter conversion 
equations which ^re essentially exact, calculations were 
made of the storage and loss shear moduli, G*{tv} and 
and of the storage and loss compliances, and J“{«cr). 

A comparison of the c:^lculated dynamic data with limited 
data obtained by direct experimental methods showed that 
the computed values are at least as reliable as the experi- 
mental ones. 


It^029 Layton, L. H. ’^Dynamic Testing of Solid 
Propellants, " Bulletin of the 2nd Meeting 
ICRPG Working Group on Mechanical Behavior, 
November 1963, pp 95-96 

In the study of viscoelastic materials, interest is centered 
mainly on effects which depend upon time rather than upon 
stress. TK« great majority of such studies are made with 
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testing procedures which assume an approximate viscoelas- 
tic behavior. Ihis type of behavior is m evidence when the 
stress -strain ratio, which is a function of time, is mdepon- 
dent of stress. This restricts studies on most materials to 
low stress measurements The basic aim of mechanical 
properties investigations pertaining to viscoelastic materials 
IS the measurement of stress-strain ratios resulting from 
some kind of time -dependent loading pattern Equations are 
available for translating lesults of one type of expo rim cat 
into those of anothei 

The dynamic behavior of viscoelastic matunais can be char- 
acterized by a complex modulus E (lU) = E*(w) + iE"{w) 
which is defined as the stress developed under a sinusoid- 
ally varying strain. The stress then becomes a function of 

the strain and the complex modulus so that <r« E and 

. , ^ ^ iwt 

the strain become €^e 

In order to obtain quantitative informatiou pertaining to the 
mechanical properties of viscoelastic materials, it is 
necessary to devise suitable test apparatus to perform lab- 
oratory testa, If tlic test material in question la linearly 
vlecoclastic, one test procedure will suffice Technical 
simplicity and convenience may decide the performance of 
one or the other test method. Real materials are not always 
linearly vlacoclaatic, resulting m discrepancies when the 
mathematical transformation is attempted. For this reason 
many mechanical test methods have been used and, In the 
past few years, several dynamic teat mothoda have been de- 
vised for use with solid propellant* 

One of the first dynamic testers which was adapted to solid 
propellant was described by Fitzgerald and Ferry in. 1953, 
This apparatus was described for measurements of complex 
shear modulus or compliance on samples ranging from soft 
gels to stiff solids at -50 to +150^C over the frequency 
range 25 to 5000 cps. This apparatus was used in several 
_laboratories In the past few years to measure the dynamic 
shear compliance of solid propellants, A second apparatus 
was described by Baltrukoms, Gottenberg and Schreiner in 
1962, This covers approximately the same frequency range 
as the Fitzgerald apparatus, but is experimentally simpler 
to operate. The analysis and data reduction are complex 
and moat conveniently performed with an electronic digital 
computer. The temperature rcinge is somewhat limited due 
to the necessity for bonding the specimen to a metal ring w 
which restrains Its geometry and introduces thermal stres- 
ses. 

It was found by Layton, Sheppard, and Bennett that the data 
became very difficult to reduce at low frequencies, although 
with Judicious and persistent treatment, it was sometimes 
possible to get a value. A low frequency tester was devised 
using the same disk specimen which extended the frequency 
range down to 0, 1 cps. In addition, the data reduction be- 
comes much simpler, making hand computations possible 
because certain inertial terras may be neglected. 

All of these methods suffer from the necessary assumption 
oi a value for Poiaeon^s ratio In order to avoid this a dy- 
namic torsion tester was developed by Gottenberg and Chris- 

A J 

tensen. The complete frequency range from 2x10 to 10 
epa la covered by two teeters. One Is mechanically driven, 
the other la electrodynamically driven. The same specimen 
ifi used In each of the testers, 



030 Glauz/ R, D. • "Transient Analysis of a Vibrat- 
ing Reed* " Journal of Polymer Science* Part 
A, Vol. 1, 1963, pp. 1693-1700* 

A new simplified test for obtaining the physical properties 
of a viscoelastic material is described and ^alyzcd, A reed* 
*clamp^d at ope end, Is displaced at the free end and the 
damped oscillations measured. Prom measurements of the 
damping factor and frequency the complex modulus is com- 
puted. Tables of eigenvalues have been calculated for var- 
ious massed and moments of inertia attached to the free end 
of the reed. Many experimental tests have shown the sim- 
plicity and usefulness of the method. 


A detailed description is presented of an experimental sys- 
tem intended to measure the complex shear modulus of 
homogeneous* isotropic and linearly viscoelastic materials. 
The test IS based on the torsional oscillations of a circular 
cylindrical sample of finite length. The test and data reduc- 
tion procedures are described. A Fortran listing of the 
data reduction computer program is included m the Appendix, 
Actual measurements are presented on a sample of filled 
polyvinyl -chloride Master curves of the shear storage 
modulus and shear loss tangenrare plotted by making use of 
the time -temperature shifting principle 


r^031 Markovitz, H. . "Free Vibration Experiment in 

the Theory of Linear Viscoelasticity. " Journal 
of Applied Physics, Vol. 34, No. 1, January 
1963, p 2K 

*An idealized free-vibration experiment Is analyzed on the 
basis of the theory of infinitesimal linear viscoelasticity. 
The resulting motion can be expressed as a sum of terms, 
of which some are damped sinusoidal waves while otiiers 
are negative exponentials In time. For some three param- 
eter models of viscoelastic behavior, the results of this 


theory are compared with those of the usual treatment which 
leads to a simple damped sinusoidal wave. 


-032 Lee, Tung-Ming "Method of Determining 
Dynamic Pioperties of Viscoelastic Solids 
Employing Forced Vibration." Journal of 
Applied Physics, Vol. 34, No, 5, May 1963, 
p. 1524. 

Both the longitudinal vibration method and the torsional 
Vibration method are used for evaluating dynamic properties 
of viscoelastic solids. The criterion of using R (the 
maximum amplitude ratio of the free end of a sample to the 
end attached to a driver) and (the corresponding vibra- 
tion. frequency) is introduced. The complex modulus is used 
to describe the stress-strain relationship for a viscoelastic 
solid. Simple expressions relating dynamic properties to 

3,nd f^^ are obtained. When R and f are 
max ro max ro 

measured from experiment, one may readily determine the 
dynamic properties of the sample. 
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Baltrukonis, J. H , Blomquist, D S. , Magrab, 
E, B. ; "Measurement of the Complex Shear 
Modulus of a Linearly Viscoelastic Material". 
Technical Report No. 5, The Catholic Univer- 
sity of America, Washington, D. C. Z0OI7, 
May 1964. 
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1^034 Biatzi, J.* George* N . Ko* W. L, * 

Murthy, A.* Yoh, J,. "Phy si comechan- 
ical Behavior of Rubberlikc Materials", 
MAI SCI 1 - PS-6 1-8* California IimlitutQ 
of lochnologv, Pasadena, CalUoriua, 

(AD 608 229)* September 1964, 

For the controlled evaluation of several gum-rubber 
vulcanizates in simple tension as a function of time, tem- 
perature* and strain rale* the geometry of the ring spLc- 
imens are discussed, and the stress and strain variables 
to be obtained from the Instron record are defined. Other 
studies of the mechanical behavior of gum- rubber vulcan- 
izatcs include estimation of the network entropy of polymer 
chains using nongaussian statistics* the derwaUon of a new 
distribution function for relaxation times to provide for 
rapid inter conversion of creep* relaxation* strain rate, 
and dynamic loading data, and the comparison of experi- 
mental and predicted uniaxial constant strain-rate tensions. 


I ’“03 5 Robinson, Courtland N. ; Graham. Phillip 

H. "Dynamic Mechanical Properties of 
Solid Propellants and Propellant Binders," 
Bulletin of the 4th Meeting ICRPG Working 
Group on Mechanical Behavior . Vol 1, 
October 1965, pp 183-216 

This paper presents Che results of an experimental pro- 
gram to study the dynamic shear properties of selected solid 
propellants and propellant binders The main objective of 
this work has been to obtain data of a fundamental nature 
which would contribute to the understanding of the dynamic 
mcchanic»il properties of composite viscoelastic media. 

A modified FltzgeriLd Apparatus has been used to obtain 
dytiamic shear modulus data over a range of frequencies and 
temperatures. Data obtained on both propellants and binders 
at pressures up to 1000 psfg have Indicated no effect of 
hydrostatic pressure on dynamic shear modulus However* 
lateral clamping pressure has been shown to significantly 
effect the dynamic shear modulus of the propellants but not 
the unfilled binders 



Ihe results of iiccclerated ogLng tests have shown sig- 
nificant changes in the small deformation dynamic shear 

properties of two propellant systems In addition, expcrl- 

mental results for propellants stored under constant relative 

humidities have revealed some very interesting effects. 

Dynamic shear modulus was observed to increase with moisture 
> 

constant In a polyurethane propellant while just the opposite 
effect was observed for a PBAN propellant. 


I “036 Shama, M, C. "Dynamic Compressibility 

Measurements of an Inert Composite Pro- 
pellant at Low Frequencies » " Bulletin of 
the Ath Meeting ICRPG Working Group on 
Mechanical Behavior , Vol I, October 
1965, pp. 153-168 

The paper deals with dynamic compressibility measure- 
ments on an Inert composite propellant in a frequency range 
-A -1 

of 10 to 10 cycles per second and ;?t room temperature 
conditions An apparatus for the dynamic compressibility 
measurements has been developed, which subjects a specimen 
confined with a fluid in a chamber to known periodic pres- 
sure changes and measures the associated volume changes 
From the hysteresis curves obtained for specified pressure 
changes, dynamic compressibility (Dynamic Bulk Compliance)! 
and phase angle between pressure and volume changes are 
evaluated. Results Indicate that a decrease oC a little 

over twenty per cent of dynamic compressibility was noticed 

-A 

with the increase of frequency from 2.A7 x 10 to 1.23 x 
10 ^ cycles per sec (altQost three decades of frequency), 
n addition, the bulk loss compliance distribution is found 
to show a peak in the above frequency region. Finally, the 
dynamic compressibility at various frequencies for the test 
material is predicted from static volumetric creep measure- 
ments, and verified with experimentally determined values 


I “038 Robinson, Courtland N , Graham, Phillip 

H "Dynamic Mechinical Properties ol 
Solid Propel I not s and Propel) int Bind- 
er- an," CPIA Publication No 119, 

VSl 7 ,* Proceedings of the 5th ICRPG 
Meeting Mechanical Behavior Worklna Group , 
October 1966, p 2A9 

The naln objective of this work has been to obtain data 
of a fundamental nature which would contribute to Che under- 
standing of the dynamic mechanical properties of composite 
viscoelastic media During the past year, additional experi- 
mental data have been obtained and analyzed Analysis of 
the experimental data suggests that (a) Tlme-tcmperatute 
CQuivalent behavior in the conventional sense is not exhibit- 
ed hv (he PBAN nnd CTPB foitnulnt Ions and the respuLlvo bind- 
ers cxijnlncd, (b) The hrond spectrum methnnicnl btluivlor of 
the PBAN and riPB formulat ions examined Is markedly similar, 
(c) Data i eduction assuming that the observed behavior is 
comprised of i linear v >^coclilsC ic contribution combined wltlx 
an* Arrhcni us- like icmpcrature-dtpendcnt contrfbullon results 
In qualitative and (mpirically quantitative rKi'tcmtnl between 
prediction and experimont 
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Tsciiocgl, N W , bmich, Thor I ’'Dynamic 
bhear Moduli oi a PoLvuretham Propellant," 
CPIA Publication No 119, Vol 1, Pro - 
ceedings of the ^th ICRPP Met, ting Mi chan - 
1 C il Bt li tvle r Worklm. < r«up , I'c i obe i 1 9b b , 
r 267 


The dynamic moduli of a polyurethane propellant were 
determined at fl temperatures between -AO and 60°C and at as 
many as 14 frcqucnclc'. between 0 06A and 2A 5 cps at eiich 
cempeiature rests were made on conventionally bonded speci- 
mens X 25 inches In diameter and 0 50 inch thick The data 
were corrected to a shear strain amplitude of 0 01 Both the 
C* and C" data at the different temperatures could be pre- 
cisely superposed to give composite curves which show the 
dvnaaic moduli at frequencies in the range -2 □ < log, s 
9 6, where u is the circular frequenc> in radians per second 
Values of the shift factor a^ obtained, bv superposing the G' 
and G" data were sensibly Identical and corresponded to those 
predicted by the WLF equation Over tht frequenev and tem- 
perature ranges covered, tht storage, modulus increased from 
abovft 1 A X 10^ dynes/cRi^ (205 psl) to 1 A x 10^ dynes/cro^ 


(20,300 psi). the latter value being lt_ss rhan the expected 
glassy modulus by a factor ot 8 lo 10 The mechanical loss 
tangent hid a shallow ntiximum at log wa^ =12, above log wa^ 
=60, It decreased rapidly with increasing frequency In 
the range -2 < log wa^ < 6, the loss tangent varied only 
^12Z above Cha mean value In chis frequency range 


Cantey, D,' "An Apparatus for Measure- 
ment of Dynamic Lffects in Rheological 
Materials," Bulletin of the 4th Meeting 
ICRPG HorkttiR Group on Mechanical Behav- 
loi^, Vol 1, October 1965, pp 255-268 
An apparatus is described which can be used for rapid 
and economical dynamic viscoelastic characterization of 
solid propellants or similar macerials. Sinusoidal defor- 
mations of the order of 10 mlcro-lnclics are produced by a 
piezoelectric driver at froqucnclos which can be continuously 
varied from 20 to 1000 cycles per second lorcc transmitted 
through the specimen is detected, measured and compared with 
the deformation sinusoid to yield the temporal phase angle 
between dynamic stress and strain 

This phase angle, together with measured speclncn dimen- 
sions and the magnitude of the output force obtained by cali- 
bration, permit direct calculation of the components of the 
dynamic modulus Multiple temperature measuremeiiLs provide 
data useful in time-temperature superposition analysis 
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Veyss*eyre, ‘*>in6e, Xv-ong, V "On the 
TransmlasiOn from Harmonic to Transient 
State in Viscoelasticclty S6anc. Acad 
Sci , Paris, No 266 A, 1968, pp 366-369, 
(In French) 


The prcbletR considered Is the derivation ,oi the time func- 
tions (creep and relaxation functions) from the steady-state 
harmonic response (complex moduli and compliances) of a lin- 
early viscoelastic material An expression of the Laplace 
transforms of the required functions is sought in the form of 
a product ' 


II p”^[ 1 + (t p) 
i-0 ^ 


0lj+l 


uhith Is said to be adequate for strongly damped materials 
The method for determining those factors (with the help of a 
cln^ t) only iilntcd nt here nnrf 1« to be piiM l*-bcd In 'Memo- 
rial dc I ’Alt ill eric Francnl^c’ Thin paper U ch »eni I nl I v 
ikvotcd to the inversion of the Laplace transform it ion, which 
involves confluent hyper geometric functions and mnUiplc con- 
volutions As. an example, the relaxation curve ot a bituminous 

concrete is produced (without computational details, also to 
be published) as computed from the complex modulus by the 
authors' method, by Shapory’s mochod and by Sayegh's As for 
as this example is concerned, the present method yields rc~ 
suits in agreement with those obtained by Shapery’s procedure, 
these results are somewhat different from Seyegh's in the 
steepest pact of the (log- log) relaxation curve, and in good 
agreement for very short times 
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1-0^1 ' Sharma. H G , Lawrence, W F Sc "In* 

vest iRAt ion on Che Dynamic HcchanicTi Be- 
havior of a Hllod Riibberllkc Hacerlal," 
Fifth International Congress on Rheology, 
Kyoco, Japan, 1968 

This paper is concerned with a study on the dynamic mechan- 
ical behavior of a rubberlike material (Sollthane 113) filled 
with finely divided aluminum spherical particles of prescribed 
volume concentrations at frequencies in the lower audiofre- 
quency range, and at several temperatures above and below room 
temperature The dynamic behavior of the material is studied 
by subjecting a' specimen in the form of a rod to longitudinal 
vibrations and determining the resonant frequencies and the 
bandwidths of the mechanical resonance curve, corresponding 
to various modes of vibration 

Irom the dynamic mechanical data obtained at several 
temperatures and frequencies, reduced curves for the storage 
and loss moduli corresponding to a standard tempcracure are 
constructed for an extended frequency range by utilizing the 
Clme-ternp, shift hypothesis An examination of the dynamic 
data for various filler concentrations indicates that the vis- 
coelastic transition region I? shifted co lower frequencies 
with the increase in the volume fraction of the filler in the 
bulk material 


< T-Od? Nielsen, Lawrence E« "Dvnaialc Mechanical 

X U‘-rt- PropertlcG nf Hllcd Polymers,*' Ann lied 

Polvncr SManosia * No 12, 1969, pp. 249^ 
265. 

Review nrd Interpretit Ion of published experimental data 
on the dvnamic mechanical properties of filled pol\ncrs The 
effects of filler concentration, particle agglomeration, and 
ratio of portJcle modulus to polvmer modulus on dynamic tnech- 
-an leal properties are re viewed. ♦. TIjo reasons why moduli arc 
lower than predicted are explained. /A* polyblends and polyners 
containing soft fillers, tl>c modulus It lowered bv the filler, 
and phase Inversion can occur. A theory of phase inversion 
Is described. 


1-043 Kollev, Fnnk N. "Solid i’ropeUant 

Mednnlcal Proper ties— Test Ing, la I lure 
Criteria, and ftging,” American Chemical 
Society (Advances in Chemistry Series, 

No 88), 1969, pp. 188'243 

Survev of current apprmclies and techniques for the 
characterization of the mechanical properties o£ solid pro- 
pellants. Solid propellants arc an integril part of the 
structure of solid rocketi.. although their cijenical composi- 
tion and overall configuration are dictated b% baHlsrle 
requirements If the propellant Is viewed as a construction 
material, it mubt be chara«'terizcd with respect to mechanicAl 
response, failure, and phvslral deterioration Tlie test 
techniques devised for such characterizations have undergone 
30 evolutionary development In the direction of increased 
sophistication The To Int Army-llavyW.ir lorce (JANAF) unlixlal 
test specimen is still the nobt widely used for routine 
qualitv control testing, but a variety of Improved uniaxial 
and nuUinxlal measurements arc becoming commonplace It Is 
pointed out that no completely general failure criterion has 
become available which mav be used to evaluate either the 
propellant or the final grain design. 


J — Gotienberg, G» "Se5”mannual Report 

on Vibrafional Characteristics of Solid 
Propellant Rocket Engines”* AFBMD- 
TR-60-113, StLr/TR-60-0000-09197, 
Space Technology laboratories, Inc./ 
Eos Angeles, California, for period of 
1 January . 3^ I960, 242 737). 


Four experimenial methods for determining the dyna- 
mic mechanical properties of propollant-liUc mate rials 
are discussed in this report of progress under “Project 
Plan 16^-29" for the period I January through 30 June 19^0 
In each case, the necessary experimental techniques have 
been developed. One of the tests, that for measuring the 
complex shear modulus, is investigated quite thoroughly 
and 13 actually used to obtain some properties for a repre- 
sentative material 


^.-Q45 VoUerra, C. "Vibrations of Elastic Syslcms 

Having Ilcrodltniy Chai actex iatlcn , Journal of 

Applied Mechanics, Vol 72, 1950, p. 363, 

Results of experiments carried out on plastics and rubber- 
hke materials at high rate of straining aic given It is 
shown that the dynamic stress-strain { <r", £.) relationship 
for those rnaterials can be expressed by the formula 

<r=<X(c)+y^ T)-i |jT . ) .dT 

The first term represents the static stress-strain relation- 

d e 

ship, while the second depends on the rate of straining 
As a first approximation it is supposed that the materials 
follow Hookers law when statically stressed. Equation [0 
then becomes 

«r=E£ + pl<iT 

Material *1 which follow tlu'> second oqvuition .ir« called ma- 
terials with “her'editary characLcriaticg , “ Vibrations of 

A 

single-degree-of-frecdom systems having hereditary char- 
acteristics are considered. Methods of finding the heredi- 
tary function <}Z5 (t) from forced vibrations are given. Free 
and forced vibrations of simply supported beams having he- 
reditary characteristics are studied. ^ 


1-046 Jones, J. W. , Cantey, D. E. "Investiga- 
tions of Propellant Dynamic Response, 
Viscoelastic JLinearily and Thcrmorheological 
Behavior “ CPXA Publication No. 61U, 
Bulletin of the Third ICR PC Working Croup 
on Mechaaacal Behavior, Vol, 1, October 
1964, pp 203-244. 

Propellant dynamic response and viseoelaallc behavior 
nNCStigaiions at Lockheed Propulsion, Company (LPC) have 
acen directed toward the measurement of propellant 
response to transient and dynamic strains and stresses in 
tension and shear. Measurement of dynamic properties was 
performed at sinusoidal strain amplitudes from 0 5 to 10% 
peak on a machine designed at 1/PC. This paper discusses 
the correlation of dynamic moduli measured for uniaxial 
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lension-compresgion and simple sluar slreSB giomctrits, 
with moduli calculated from reduced variable lonsilt and 
fhe«ir stress relaxation data. Viscoelastic beating effects 
under constant strain amplitude conditions are examined. 
Results of dyna*imc shear modulus measurements at 10”^ % 
peak strain obtained on a piezoelectrically driven test 
device arc discussed, along with dynamic bulk modulus 
measurements on the same propellant under conditions of 
superposed hydrostatic pressure 

Transient viscoelastic response and theimorheological 
behavior of a variety of polybutadiene acrylic acid (PBAA) 
and carboxy-termmated polybutadicne propellants are pre- 
sented as measured by stress relaxation and creep tech- 
niques. Propellant formulations investigated included vari- 
ations in oxidizer specific surface area as well as ciosb- 
llnkcr functionality and concent ration for the two polymer 
types. 

Nonlinear responses observed in both transient and 
dynamic tests are described, and their effects on analysis 
techniques are discussed. 

f — Briar, H P , Wicgand, J H ‘’Statistical 
Aspects of Propellant Behavior.” Paper No 
65-148, AIAA 6th Solid Propellant Rocket 
ConteTenpfe, Washington, D. C. , February 
1-3, 1965 

The variability of solid propellant mechanical proper- 
ties complicates prediction of motor structural behavior 
Such variability was accepted at one time, but the great 
advances in stress analysis now require that specific prop- 
erties meet limits imposed by the design and the conditions 
of use. Typical variabilities of properties pertinent to 
static and dynamic analysis arc examin^'d to show the 
within-balch variability, associated apparently with the 
manufacturing operation, and the between-batch variability 
characteristics of binder cross-link density and other raw 
material variations. 

I “048 Kotsky, H ’'E);pcnrientfll Studies of the 

Hec'ianjcal Bch.vnor of Linear Viscoelastic 
Solids," in Mecha n ics and Chcinistrv pf Solid 
Propel 1 ants, edited b> A. C Eringen, h Liebo- 
witi, S L Koh, 0 H, Crowicy, p, 357 
Pergamon Press, 1967 

In order to characterize the linear viscoelastic behavior of a 
material, measurements mirst be made over a wide range of time 
scales. In considering the response to stresses varying sinusoid- 
ally with time, frequencies from one cycle pet hour to tens of 
megacycles per second should be covered, and in creep and stress 
relaxation n.easuretnents, the time «cale is further extended to 
months or even years Thus an extremely large number of different 
experimental techniques have to be used, these are reviewed and 
discussed in this paper In addition the representation of these 
experimental results by various mathematical and mechanical 


models is considetccl, and the'' relation .between chemical cntiipesi- 
tion and viscoelostic properties is briefly discussed Finally, 
recent experimental work on the propagation of stress waves in 
viscoelastic solids is described particularly from the point of 
view of the results obtained on the dilatational viscosity of some 
high polymers 

1-049 Van der Wal, C W and Drcnt, R H J W A 

"Instrumentation of Thennoniechamcal tieasure- 
ments, VI A Torsional -Creep Apparatus," 

Report nr, CL 67/10, Centraal Uboratorium 
TNO, October 1967, 

This report describes a torsional creep apparatus for the deter- 
mination of the creep compliance in shear as a function of time 

and the corresponding dynamic modulus and damping The fnstni- 

-A 

''lent i's suitable for the measurenent of compliances below 5.10'^ 

2 c 

M /N, in the time range between 1 and 10 seconds The lowest 

-3 

corresponding damping that can be determined is several times 10 . 
Within five minutes the tempeiature of the specimen can be ad- 
justed to any value between -175®C and +Z00®C with an accuracy of 

rc. 

I 050 Fitzgerald, F, R "dynamic /Icchanual 

Heasurorujnts on Viscoelastic Solids," Pina! 
Report, The Johns Hopkins University, 
Septenber 1967 

Work earned out under this contract had a twofold purpose 
1} to dove 1 00 apparatus for dynamic mechanical measureTents, 
and 2) to cany out such nieasui ements on various materials m 
order to gam new knowledqf> of their mechanical and/or acoustic 
properties Accoidingly much time and effort was devoted to 
modifying existing dynamic nechonical measurement equipment 
(e g , The Fitzgerald Apparatus) in oidcr to extend its '‘"reguency 

addition, several completely new. 

systems of measurement were devised and prototype instruments 
constructed 


1-051 Upxe. A,, and AdTcoff. A. “Characterua- 

tion of Propellant liechanical Behavior," 
Bulletin of the 8th JANNAF Structures and 
Mechanical Behavior Meeting, CPIA Publicatlor 
No, 193, The Johns Hopkins University, p. 
1970 

This paper describes the results of simultaneous dynamic measure- 
ments in tension and torsion made on propellant samples. The 
complex dynamic moduli E‘, E", 6‘, 6" at low frequencies were 
determined within a temperature range from room temperature to 
-90«C. Time temperature-shift factors and reduced master curves 
for both tension and shear properties are discussed The effect 
of dewetting on the dynamic properties in tension and shear was 
also investigated A preliminary attempt Is made to compute the 
degree of dewetting in a propellant by applying fleer-Lambert's 
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Lawrence, W St,, and Shanrja, M, G 
"Dynamc Hechamcal Behavior of A Composite 
Viscoelastic Material ■' Annual Report' 
Pennsylvania State University, July 1957 


An in\.GStigation was nwdo into the dynamc mechanical behavior 
of a composite viscoelastic material The material studied 
consisted of a soft binder material (Solithane 113), which had 
dispersed in it a number of small aluminum oarticles By vary- 
ing the volume fraction concentration of the filler material, the 
effect of the filler concentration on the dynamic characteristics 
was detennined 

Due tc the nature of the composite material the dynamic investi- 
gation was limited to the lower part of the audio-frequency spec- 
trum To extend the frequency range over which the investiga- 
tion would be applicable the natenal was studied at -several 
temperatures, above and below room temperature The time- 
temperature superposition principle was then applied to construct 
response functions that extended over several decades of fre- 
quency, 

A theory was developed which was developed which considered the 
dynamic behavior of the composite material as a function of the 
moduli, and volume fraction of each constituent material This 
theory was then used to predict t^e materials dyramic properties 
for filler concentrations, and frequencies studied in the experi- 
mental investigation. 

The theoretically predicted moduli values v/ere compared with the 
experimental results 'which showed that for low filler concentra- 
tions and at low frequencies the correlation betv\een theory and 
experiment was good. At high frequencies and filler concentra- 
tions the correlation was found to be poor 


1-053 Beyer, R, 8,, ” Nonlinear Mechanical Behavior 

of Solid Propellants,” AIAA Paper No, 65-159, 
AIAA 6th Solid Propellent Rocket Conference, 
Washington, D C., February 1-3, 1965, 

The mechanical response of standard solid propellants was studied 
by extensive analysis of data measured under conditions of con- 
stant strain rate, constant strain, and dynamic shear strain, 
Nonlinear viscoelasticity has been found to occur when propel- 
lant samples are strained beyond a few tentns of one percent by 
tensile test methods currently used by most investigators 

Studies conducted over a wide range of strain rates (10 to 
10 mm indicate that nonlinearity can occur (1) by loss of 
reinforcement due to dewetting and (2) by the ’Mullins Effect" in 
a matrix with chemical adhesive bonding between binder and filler 
In case (1) dewetting was observed to depend only on the applied 
stress and the temperature The linear viscoelastic response 
obtained from snail constant strain rate and dynamic data differed 
from the constant strain (2 to 5 percent) stress-relaxation modu- 
lus by as much as an order of magnitude At very low strain 
rates equilibrium behavior was obtained up to strains as high as 
7 percent The time and temperature dependence of both the rein- 
forced and nonreinforced modulus is discussed and related to l^ng 
term ambient tests and actual motor behavior 

•VI 4 


i UDH Francis, E C, Structural Integrity of 

Propellant Grains,” Yol, I, Final Report 
LPC-556-F, Lockheed Propulsion Co , 

January 1963, 

Research cffoit in the investigations leportcd heiein was ihirctoJ 
with equal emptiasis at methods for engineering evaluations of the 
viscoelastic properties of solid pi opell ants,, treating them as 
generalized linear materials, and at determinations of propellant 
failure characteristics Viscoelastic propellant physical descrip- 
tion IS a fundamental necessity both to the determination of 
grain stresses and to the proper interpretation of grain failure 


Significent progress is reported in both the areas of effort With 


considerable attention to analytical detail, engineering methods 
for propellant viscoelastic characterization requiring only 
staiidcrd laboratory test equipment v;ere refined to routine practice 


1-055 Anon. "Solid Proosllanc Stiuctural Inteirity 

Investigations, Dynamic Response and Failure 
Mechanisms," TR Ho, RTD-TDR-63-1 , Lockheed 
Propulsion Co,, May 1963, 

Experimental investigations of propellant dynamic behavior has been 
initiated using stress relaxation, small deflection mechanical 
oscillation, and dielectric response test techniques Initial 

t 

test results for Polycarbutene-R propellint are presented, along 
with fabrication progress on the large deflection mechanical test 
apparatus 

1-056 Cantey, D,; “Solid Propellant Structural 

Integrity Investigations, Dynamic Response 
and Failure Mechanisms," Final Report, 
AFRPL-TR-65-71 , Lockheed Propulsion Co,, 
November 1965, 

The results and conclusions of an experimental and theoretical 
research study of solid propellant dynamic response and failure 
behavior ara presented Experimentally verified analytic methods 
for treatment -of propellant thermorheological response to vibration 
are described, 

I*"057 Tschoegl, K, W, Smith, J, R, and Smith, T, L,' 
"Viscoelastic Properties of Solid Propellants 
and Propellant Binders," Quarterly Technical 
Report, Stanford Research Institute, for 
period September 16 to December 15, 1964, 
Studies of the dynamic shear modulus and bulk compressibility are 
discussed. The storage shear modulus for a polyurethane propel- 
lant was found to increase linearly vnth lateral compression up to 
a compressive strain of 10-1555 In contrast, the storaae modulus 
of an unfilled styrenebutadient rubbe»' decreased linearly with the 
lateral compression The modulus also depended on specimen geome- 
try, increasing linearly with the shape factor, i.e , the ratio of 
the (uncompressed) specimen thickness to the cros^-sectional area 
Within experimental error, the loss modulus did not depena on 



specin^n gewnetry Some m formation was obtained on the heat 
build-up in propellant specimens dunnq oscillatory testing A 
qualitative discussion is given of work done to calibrate the 
dynamic and static bulk compress 1b \lUy apnaratus, 

I ***058 Fishman, M. and Rinde, J* M t "Solid 

Propellant Mechanical 'Properties Investiga- 
tions,” Report No, 6, Stanford Research 
Institute, for period January 1 to April 1, 
1964. 

The overall objective of this research is to relate mechanical 
behavior and propellant failure mechanisms to processes of propel- 
lant microstructure He are investigating the binder-particle 
interfacial processes and how they affect the mechanical response 
and ultimate properties of composite solid propellants The 
research consists primarily of determining volume changes under 
sleected test conditions to measure the separation between binder 
and filler particles and, by appropriate analysis of the test 
results, to quantitatively describe the interfacial processes and 
how they are Influenced by time, temperature, and humidity. 


1-059 Tschoegl, N, W, and Landel , R, F,: "A Research 
Program on Solid Propellant Ph^^sical Benavior, 
AFRPL-TR-68-106, California Institute of 
Technology, June 1968. 

Part VI describes a continuation of earlier investigations of 
approximations to the spectral distribution functions of linear 
viscoelastic theory It is shovm that if the order of the highest 
derivative is k, then, there exist k approximations from the step 
and the storage functions, and k + 1 approximations from the loss 
functions Thus a number of new, hitherto unknown, approximations 
arc found, which include approximations of even order from the 
storage functions, and approximations of odd order from the loss 
functions. Of particular practical interest are the two approxi- 
mations of first order from the loss functions The interrelation 
between the k aoproximations of a given order, and the choice of 
the most suitable approximation is discussed The relation of 
the more general method to the transform inversion method is 
examined, and it is shown that certain approximations in the 
current literature are in error because of lack of normalization 
of the associated intensity function, and, where applicable, 
because of failure to take into account that the time scale of 
the spectruip must be shifted by the appropriate amount if the 
maximum of the intensity function does not >ie at the origin, 
Finally, the derivation of approximations from creep recovery, 
stress relaxation after dessation of steady flow, and deformation 
at constant rates of strain is discussed. 

In Part VIE the z-transform method for the numerical inveision of 
the Laplace transform is examined for possible application to 
viscoelastic problems. The method is found to be unsuited for 
viscoelastic functions which are given as logarithmic functions of 
time or frequency, because the loganthmc spacing of the variables 
leads to unstable solutions 

Part VIII predicts a general method for expressing the response 
of viscoelastic materials to the piecewise continuous excitation 
functions to which they are subjected in cumulative damage test- 
ing, as functions of the standard response functions suc.i as 
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relaxation modulus and creep compliance, or, in case of periodic 
excitations, the dynamic moduli and compliances. It is expected 
that departures from the predicted behavior can be axcrioed to 
cumulative damage This could lead to the development of a non- 
desctructive fatigue tost 

^“*060 Knauss, M G , Clauser, J F, and Landel, R. F * 

"Second Report on the Selection of a Cross- 
Linked Polymer Standard," AFPPL-TR-66-21 , 

California Institute of Technology, January 
196b 

The properties of the polyurethane. Soli thane 113. were investiga- 
ted in some detail both to explore its suitability as an interim 
standard polymer and to develop the tools and methods necessary 
for such standardization The stress relaxation behavior from the 
rubbery to the glassy region was evaluated for five catalyst/ 
prepolyner ratios 

Twelve computer programs written in I8HAP and FORTRAN IV, have 
been set up to convert E(t), F"(u)) and the constant strain 

rate modulus to H(t) and vice versa, D(t), 0*(w), and 0"(fj) to 
L(t) and vice versa, H(t) to D* and 0". Hence any characterizations 
may be calculated from any other. In addition, H(t) or L(t) can 
be converted to a Prony series The programs are based on the 
nunencal solution of a Fredhold equation of the first kind 
Results are illustrated by calculating H(t), G‘(ta) and G"(xu) 
from the stress relaxation data, ^ 

I “061 Anon "ICRPG Solid Propellant Mechanical 

Behavior Manual," CPIA Publication No, 21, 

The Johns Kopkins University, September, 1953, 

I he Mechanical Behavior Manual covers exoenmental procedures 
used to test solid propellants, characterize their mechanical 
behavior, guide propellant development and for research on mechani- 
cal behavior The manual is presented in looseleaf format and 
corrections, revisions, deletions and additions are continually 
made as progress is made 

I “062 Kruse, R, B, "Laboratory Characterization 
of Solid Propellant Mechanical Properties," 

AIAA Paper No, 65-147, AIAA 6th Solid Prooel- 
lant Rocket Conference, Hash ino ton, D. C , 
February 1-3, 1965, 

The characterization of mechanical properties of solid prooel- 
lants is complicated by the orofound effects of temoerature and 
rate upon these properties Since it is not practical to test a 
sufficiently wide range of rates in the laboratory, the tech- 
nique of time- temperature superposition has been generally employed 
in the solid propellant industry to characterize the viscoelastic 
response of solid propellants from glassy response to equilibrium 
behavior In addition, it has been observed that most solid 
propellants exhibit ultimate properties which may be superposed on 
a tenperature-reduced rate basis An extension of the empirical 
superposition of ultimate prooerties is a curve of ultimate stress 
vs. ultimate strain, which provides a failure boundary for the 

i'"'— 

propellant The path dependence, or lack thereof, of the failure 
boundary is presently the subject of considerable experimental 
investigation, but it is generally agreed that failure boundaries 
provide the best currently available basis for comparison of 



various propellants The general problcn of i el at mg urnaxial 
failure measurements to bcliavioi in conbined stress or cenbmed 
strain states by means of *;ji table failure criteria has proven 
extrenely difficult of solution Test techniques have been 
devised to measure failure of propellant in combined stress 
states f but one complicating factor appears to be qualitative 
differences in behavior among diffe^'ent types of propellants. At 
least for some propellants* the results can be rat^onalned i^ith 
a deviatonc stress failure behavior in compression and dilata- 
tional failure in tension* 


1-063 Nicholson. D E , Blomquist, D S and Lemon. 

R* H. "An Experimental Technique for Determin- 
ing the Dynamic Tensile Todulus of Viscoelastic 
Materials," Bulletin 20th OANAFAN Panel on 
Physical Properties of Propellants. SPIA/ 

PP14 Vt Vol . I, p. 271, The Johns Hopkins 
University. October 1361, 

This paper describes a vibrating reed test for the determination 
of the dynamic tensije moduli of a solid propellant The analysis 
used in reducing the experimental data to plot storage moduli and 
loss tangent vs frequency is that of Bland and Lee for linear 
viscoelastic materials 

An experimental technique is presented that is s--mple to conduct, 
yet provides valuable, analyzable information The results pre- 
sented were gathered at ambient temperature Tests were conducted 
on^ various sample configurations to obtain the optimum length to 
width ratio 

I -064 Kostyrko, G, J** "Development and Use of A 
Free Vibration Reed Test for Evaluation of 
Solid Propellants*' Aerojet TN 223* Aerojet 
General Corp*. August 1963* 

I ”065 Smith. T, L j "Hechamcal Response of A 

Polyurethane Propellant to Constant Extension 
Rates and to Sinusoidally Varying Strains," 
Bulletin of the 2nd ICRPG Working Group on 
Mechanical Behavior Meeting, CPIA Publication 
No, 27, The Johns Hopkins University, p, 375, 
1963, 

1-066 Wagner, F, R.- "Dynamic Testing of Solid 

Propellants at IJRIDC." Bulletin of the 1st ICRPG 
Working Group on Mechanical Behavior Meeting. 
CPIA Publication No. 2* The Johns Hookins 
University, p 299. 1962, 


1-067 Hoebel, J, F.* "The Use of The Fil Dynamic 
Tester to Measure Propellant Dynamic Shear 
Properties," Bulletin of the 20th JANAFAN 
Panel on Physical P-operties of Solid Propel- 
lants, SPIA/PP 14 V, Vol* II. The Johns 
Hopkins University, p* 13, October 1351* 


1-068 Stoker, J. H. and Mason, 0 'R * 

’’Space Shuttle SRM Propel lent 
Dynamic Properties," TWR- 10543, 
Thiokol/Viasatch Division, June 
1975, 

This report summarizes dynamic characterization 
tests of live and Inert propellants representa- 
tive of the space shuttle SRM propellant 


1-069 Hufferd, W L.- "Measured Proper- 

ties of Propellant for Solid 
Rocket Booster of One-Eighth Scale 
Dynamic Shuttle Model," UTEC CE 
75-178, University of Utah, 

November 1975. 

Static and dynamic material property tests were 
conducted on inert UTI-610 propellant to obtain 
basic mechanical response data for use in Analy- 
sis of the one-eighth scale model tests of the 
space shuttle SRB being dynamically tested at the 
NASA/Langley Research Center. 


SEE ALSO 

ABSTRACTS NOS.: 



II 

-057, 

-070, 

-071, 

-072, 

-073, 

-074 


-078, 

-079, 

-080, 

-081, 

-086, 

-087 


-088, 

-093 





II-I 

-003, 

-003, 

-005, 

-007, 

-009, 

-010 


-on; 

-014, 

-015, 

-016, 

-023, 

-029 


-030, 

-035 







A-16 



II. DYNAMIC ANALYSIS 


A-17 



1 1 -001 Baltrukonls, J H. ; Cottenberg, W, G. : "Thick- 
ness-Shear Vibrations of Circular Bars " The 
Journal of the Acoustical Society of America, 

Vol 31, No. 6, June 1959, pp. 734-739. 

Exact general solutions of the three-dimensional elasticity 
equations of motion in polar, cylindrical coordinates are ob- 
tained for axisyin^i»etric and antisymmetric thickness -shear 
vibrations. These solutions are applied m solving* five 
solid and hollow circular bar problems Natural frequencies 
are tabulated. 


1 1 -O02 Baltrukonis, J H. ‘‘Free Trant, verse Vibra- 
tions of an Incompressible Elastic Mass Con- 
tained by an Infinitely Long, Rigid, Circular- 
Cylindrical lank " EM 9-^1, Space Technology 
Laboratories, Inc,, P O Box 95001, Los 
Angeles, 45, California, October 29, 1959 
'latural clrculai frequeiicieb of free transverse vibxations of 
an incompressible clastic mass contained by an infinitely 
long, rigid, circular- cylindrical tanV are obtained as exact 
solutions of the equations of elasticity Frequency coeffic- 
ients are tabulated for solid and hollow con's and for, at 
least, four frequencies m each of the first four modes of 
vibration. 


11-005 Baltrukonis, J, H, ; Gottenberg, W, G« , Schrei- 
ner, R. N. • "Axial-Shear Vibrations of an Infi- 
nitely Long Composite Circular Cylinder. " The 
Journal of the Acoustical Society of America, 

Vol 33, No, 11, November 1961, 

Exact general solutions of the three-dimensional elasticity 
equations of motion in polar cylindrical coordinates are 
written for axi symmetric and antisymmetric axial -shear 

vibrations. The frequency equation follows" immediately 
from the boundary conditions for the problem of the infinite- 
ly long, composite cylinder with two concentric circular- 
cylindrical layers which are perfectly bonded at their inter- 
face The branches of the frequency equation are plotted 
and analysed. The conditions are pointed out under which it 
is possible to obtain reasonably accurate estimates of the 
natural frequencies by assuming that the motions of the cas- 
ing and core are uncoupled. 

II^'OOo Baltrukoius, J. H. , Clii, M. j Gottenberg, W, G, 
’’Free Iransvcrse ViUraiion^i In an Lifinitely- 
Long, Layered Llastlc Cylinder," Ihe 
Catholic University of America, Washington 17, 
D, C.j Technical Report No 3, NASA Researcl 
Grant NbG- 1 25-6 1 (Suppl 1-62) August 1962. 


11-003 Baltrukonls, J. H. "Free, Triuisvcrse Vibra- 
tions of a Solid Elastic Mass in an Infinitely Long 
Rigid, Circular -Cylindrical Tank, " Journal of 
Applied Mechanics, Vol 27, December I960, 
pp. 663-668, 

Making use of the field equations of elasticity, the frequency 
equation Is derived for the free, transverse vibrations of a 
8 olid elastic mass contained by an infinitely long, rigid, 
circular-cylindrical tank. „,This frequency equations relates 
the natural circular frequencies "and Pofsson^s ratio This 
relationship is plotted revealing a very interesting steplike 
variation of the natural frequency with Poisson's ratio. 

Displacement fields arc plotted for two natural frequencies 
in each of the first three modes. 

11-004 Baltrukoms, J H. , Gottenberg, W. G. , Schrei- 
ner, R, N. * "Dynamics of a Hollow, Elastic 
Cylinder Contained by an Infinitely Long Rigid 
Circular- Cylindrical Tank. " The Journal of the 
Acoustical Society of America, Vol 32, No, 12, 
December I960, pp 1539-1516. 

Dispersion equations are derived for the propagation of 
transverse waves within an infinitely long thick-walled hol- 
low elastic cylinder i^hich is perfectly bonded along Its 
outer cylindrical surface to an In/inilcly long rigid circular- 
cylindrical tank. In the case of infinite wavelength the dis- 
persion equations reduce to two uncoupled frequency equa- 
tions, one defining the natural frequencies of free vibrations 
of the hollow elastic core In the antisymmetric axial shear 
mode and the other defining the natural frequencies of plane 
strain vibrations. Some numerical results are presented 
or the dispersion equations and the two frequency equations 
nd references are given to more detailed results 
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11—007 Baltrukoms, J. H. , Casey, K B , Chi, M. , 

Laura, P. A "Axial -Shear Vibrations of Star 
Shaped Bars - An Application, of Conformal 
7 runsformatlon " The Catholic University of 
Amorica, Washington 17, D C , Technical Re- 
port No 4, NASA Research Giant NsC- 126-61 
{Supply I -62), October 1962 

The conformal transformation method is applied to the piob- 
Rin of cxlculating the natural frequencies of fice, axial - 
shear vibrations of infinitely -long, prismatical bars with 
Lpitrochoidal cross -sections. In the real plane tlie boim- 
dary conditions are relatively complicated but on conformal 
transformation of the cross-section onto a unit circle, the 
boundary conditions become quite simple and can be identi- 
cally satisfied However, the governing differential equa- 
tion becomes i datively complicated on transformation and 
an exact solution is not possible. Two different collocation 
techniques are used to cdculate approximate natural circu- 
lar frequency coefficients for bars with free and clamped 
boundaries 

11-008 Baltrukonls, J H. , Cottenberg, W G, , 

Schreiner, R N "Solution and Lxperimemal 
Results for a Problem m Linear Viscoelasticity" 
Transactions of the Society of Rheology, Vol 6, 
1962, pp 41-60. 

A solution is obtained for the problem of the axial vibrations 
of a rigid circular rod embedded in a linear, viscoelastic 
material which is, in turn, contained within a rigid circular 
casing. It IS assumed that the entire assembly is infinitely 
long. The response of the embedded rod to steady-state, 
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harmonic oscillation of the casing is calculated within the 
framework of the small deformation theory of linear visco- 
elasticity. This result is applied in devising an experimen- 
tal method to measure the complex shear modulus of the 
ernbeddmgi linear viscoelastic material as a continuous 
function of frequency Experimental data are presented to 
illustrate the method and to demonstrate some of the assc 
ciated difficulties 


1 1 “009 Baltrukonie, J H "Forced Transverse Vibra- 
tions of a Solid, Elastic Core Case-Bonded to an 
Infimtely-Long, Rigid Cylinder " Technical Re- 
port No 1, The Catholic University of America, 
Washington 17, D. C , NASA Research Grant No 
NsG -125-61, August 1961 

The problem la solved of the forced, transverse vibrations 
of a solid, compressible, elastic core case-bonded to an 
infimtely-long, rigid cylinder It is shown that the ratio of 
the amplitude response of the core avis to the amplitude of 
the casing depends on both the frequency of the forced vibra- 
tion and Poisson's ratio for the core material By plotting 
amplitude ratio versus Irequency curves tor different values 
of Poisson’s ratio it is demonstrated tliat the amplitude 
ratio versus frequency plot for an incompressible, elastic 
core is a simple line spectrum. 


I 1^01 0 Baltrukonle, "Final Report", The 

Catholic University of America, Washington 
17, D«C, I September 1963. 

This is a final report summarizing progress at The Catholic 
University of America in viscoelastic stress analyses of 
solid propellant rocket motors under the two-year term of 
Research and Development Subcontract No. 72, Navord 
16640 with the Allegany Ballistics Laboratory of Rocket 
Center, West Virginia, Completed work and work remain- 
ing is detailed In five technical areas. The highlight of our 
research Is a very careful study of the tensile stress relax- 
ation experiment including inertia effects, elasticity of the 
testing machine and internal heat generation. Methods for 
the treatment of quasi-statxc and dynamic problems involv- 
ing infinitesimal displacements in real, linearly- vis coelastic 
materials are now well-developed. 


la c-xprcti»c<l analytically as a difference of sine intograli, 
resulting in a program that has much the same shape is 
actual, measured picssurualion piograms and it embodies 
certain important analytical advantages which are dis- 
cussed Numerical data afe obtained in several specific 
cases and the results arc discussed and explained. 
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Boltrukonis, J H ”fhe Dyiwmlc^ of Solid 
Propellant Rocket Motors," lechnical Repoil 
No 9, Ihc Cafliollc University of America, 
WnshJngLon, I) C , June 1965» 

From the point of view of dynamics, a solid propellant 
rogket motor Is an unique structure in that it is cemposed 
of a substantial mass of propellant material case-bonded to 
1 It lat ivi iv tiusslc ss, ihin-wiilid cvllnder The mechanical 
piopeiLies of the propolJant aie sucli that IL contributes 
Little to the stiffness of the coTiposlCe structure but It 
diU'S (.ontrUuito to tT»c d\u<iniic t Im- K ti rl vt u,^ of the 
stiULture because Us r i.,s turt-iii-iniorc , duo to the 

viscoelastic character of the propellant, it can be expected 
to provide considerable dampfng to the system At this 
point In the development of the art of design a solid 
propellant rocket motors there are no clear-cut or well- 
founded methods to quantitatively evaluate the contributions 
of the propellant to the dynunic responses of the composite 
stiuccure It Is cl ear cluit unless sucli methods are devised, 
it will be difficult to arrive at accurate missile designs 
In the paper, a survey of the dynamic problems of solid 
propellant rocket motors Is presented starting from the 
sinploRt model thereof and proceeding, strep-by-step, to the 
consideration of more sophisticated and realistic models 
The consideration is restricted to infinitesimal deformations 
of propellant grains with linear mechanical properties 


II*-0]3 Baltrukonis, J.H.' "A Survey of 

Structural Dynamics of Solid Propel- 
lant Rocket Motors," NASA Ul-^65U, 

Sat Iona 1 Aeronautici. and Space 
Admin is t ra c Lon, Washington, D. C., 
December 1966 

In cl<e paper a survey of the dynamic problems of solid 
propellant rocket motors I*, presented starting from the 
afmplest model thereof and proceeding, step-hy-step , to the 
consideration of more sophisticated and realistic models. 

The consideration is restricted to Infinitesimal deforma- 
tions of propellant gr.iliis with linoir roechanlcil propertlea 


ii-on Baltrukonis, J, H , Magrab, K B. : "Dynamic 
Internal Pressurization of an infinitely- Long, 
Thick- Walled, Linearly- Viscoelastic Cylinder 
Case-Bonded to <i Dun Elastic Tank " Tech- 
' meal Report No 2, The Catholic University of 
America, WaJlmigtAn, D C , February 1964. 
Transient and quasi-staiic stress and strain responses are 
calculated due to rapid pressurization in an infmitely-long, 
Iwo-layered cylinder considered as an idealization of a 
solid propellant rocket motor. The casing is taken as an 
Incompressible, elastic material while the core is consid- 
»red an incompressible, hncarl y -viscoelastic material 
Actual measured data are used for the mechanical proper- 
ties of both casing and core. The pressurization program 


n-014 Aohcnbach, J. D "Dynamic Response of a 
Long Case-Bonded Viscoelastic Cylinder," 
AlAA Journal, Vol. 3, No *4, April 1965, 
pp 673-677 

Time -dependent pressures arc applied in an encased 
Viscoelastic cylinder and on tlic surface of the case. The 
resulting dynamic response of the cylinder-case system is 
the subject ot a theoretical analysis. The viscoelastic 
material of the cylinder is assumed to be incompressible 
and a forced vibration is therefore excited without initial 
wave effects Tlic cylinder is viscoelastic in shear, show- 
ing bhort-time elastic behavior and delayed elasticity. TTie 
displacement, the circumferential stress, and the radial 
stress arc investigated. If a time -dependent pressure is 
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applied to the case, tlie radial bond stress at the cylinder - 
case interface is periodic and sliows tensile peaks for high 
values (--I o') of the ratio of Young's modulus of tlie shell to 
the rubbery shear modulus of the cylinder. The stresses 
are damped exponentially to the compressive quasi-static 
solution. Analytical solutions are presented for step 
loading and standard linear viscoelastic shear behavior. 


11-015 Achenbach, J, a "Dynannc Response 
of an Encased Elastic Cylinaer with 
Ablating Inner Surface", AIAA Journal, 
Vol 3, No. 6, June 1965, p 1142 


1 1 *“01 6 Achfinbach, J D , "Forced Vibrations of a 

Burning Rocket," AIAA Journal, Vol 3, Mo 7, 
1965. pp 1353-1336 

The loss of tnn^s sn<i Btiffnes. of a burning cylltuklcnl 
grain affnets t!>e dynamic response of a soliJ-propellant 
rocket. The viscoelastic behavior of the solid-propellant 
material is another factor that influences the forced vibra- 
tlons of a burning rocket « Xti the present note the effects 
of ablation and viscoelastic damping are considered In a 
study of the dynamic response of an encased viscoelastic 
cylinder with an ablating inner surface, 

A time- dependent pressure Is applied at tlie ablating 
inner surface of the cylinder The cylinder material Is 
viscoelastic in shear, and it is assumed incompressible in 
bulk. As' a consequence of the Incompressibility assuijtlon 
the dlXatational vave velocity is infinite, and a forced 
vibration is immediately started ulthout initial wave effects 


11-017 


Achenbach, J D, "Thickness Shear 
Vibrations of an Ablating Rocket," Technical 
Report Mo 65-3, Northwestern University, 

The Technological Institute, Department of 
Civil Engineering, Structural Mechanics 
Laboratory, bvanston, Illinois, (Contract 
Nonr-1228(30, July 1965 


The loss of momenconi and stiffness due to ablation may 
significantly influence the vibrations of a solid propellant 
grain. This paper presents an anafytical study of the axial 
shear vibrations of a long hollow cylinder that is subjected 
to tine dependent body forces in the axial direction The 
outer surface of the cylinder is bonded to a rigid case, and 
the inner radius increases monotonically with time. An 
expression Is determined for . he shear stress at the bond- 
interface It Is shown that the frequency of the shcar-bond 
s^tress Increases, and that its amplitude decreases towards 
burnout time The shear stress is studied for various 
ablation rates Conventional methods of analysis, such as 
separation of viriunies and lourler- Bessel analysis, are 
not directly applicable in this problen, «,ince the boundary 
conditions are prescribed on a time dependent surface A 
modified Fourler-Bessel mode is defined that satisfies the 
boundary conditions By substituting this mode into the 
ec|Uation of motion, a solution is obtained by asymptotic 
methods In the vicinity of the bond-interface The analysis 


Is extended to IncliidL the axinJ' sh?ar vlb melons of nn 
''blatlni, vlscool^l^t^c cylinder Viscoelasticity liiito- 
Jjced by means of tiic relaxation function In shear 


11-018 "Achcnbach, J. D , Ilorrnann, G "Forced 

Vibrations of an bneased Cylinder with 
Eroding Inner Surface," Bulletin of the 
Ath Meeting ICRPG WorkiriR Group on Me- 
chanical Behavior , Vol. 1, October 1965, 
p 517 

Crain ablation affects the vibratory response of a solid 
prupellant rotkec This pipi-r presents an .niaWticdl study 
of the ixmJIy '.vmmttiu vjhrarions of <i lun^ hollow cylinder 
chat 1 *. soil j<»cci,il Co i iiTU -dependent iriLernal pressure. Ihe 
innoi r. ill 11 ot the <yH«dor muitoConlc<ill v with 

I mu mid Hu I'liioi sm I N bonded to n Ihln elastic shcllt 
Ihe luiieriaJ of the cylinder is assumed to be incompressible 
If! hulk and elastic or viscoelastic in shear For an inter- 
nal pressure harmonic In time, the radial response con< 
of the superposition of a maintained vibration and a ti 
lent vibration The malntTlned vibration Cakes into n» 
the lo*;s of inabs and stiffness iti a quasi-static mamu’i 
the Internal prf.'.sure is a sCcj» function die radial to 
consists of the ‘superposition of a quasi-static re.>pup 
a transient vibration In both examples the transient 
bratlons arc subjected to viscoelastic damping 
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Achenbach, J D "Dynamic Kuspoii 
a Viscoelastic Cylinder with Ahl.ii 
Inner Surface,” Technical Report ! 
65-6, Northwestern University, Lv 
Illinois, December J965 

The effects of ablation and viscoelasticity on d 
brjiloiy 1 1 sponge o| a luillow cylhuJti arc Inve »L {gat t » 
cylinder Js subjected to a t Imo-depondcnt Internal pi 
Solutions are presented for the circuraferentiai strt‘ 
Che eroding inner su»"face and for the displacement in 
direction It is found that due to ablaticm, frequei. 
decrease and amplitudes Increase The increases in 
tudes due CO ablation are counteracted by viscoclast i 
ing In this analysis it is assumed that the no car I 
incompressible in bulk and viscoelastic in shear 


11-020 Achenbach, I. P. "Toislouai Oscilla- 

tions of an Fni nsed Hollow Cylinder of 
Unite Lcoi.th," Paper presented at the 
AlAA/ASMC Seventh Structures and Mater- 
ials Conference, Cocoa Beach, Florida, 
April 18-20, 1966 (See als,o Technical 
Report Ho 66-3, horthwesteru University, 
Evanston, Illinois, l-cbrunry 1966.) 

A hollow elastic or viscoeJnstlc cylinder of finite 
length is encased in a thin elastic shell The analysis of 
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free torsional vibrations of the elastic system yields a 
transcendental frequency equation that is solved niimcrlc.al- 
ly The modes of free torsional motion are discussed and 
the proper relation establishing orthogonality of the prin- 
cipal modes is determined The elementary mode of a free 
circular cylinder, wherein eacli transverse section rotates 
as a whole, does not occur for an encased cylinder Tie 
exact frequencies are compared with cstirnces based on the 
Jbsumptlon that the tnatci ial of the core is very compliant 
as coiupargd to the material of the shell The regions are 
Jiscusi>td in which these estimates are acceptable Foul ler- 
Uest^el analysis is used for the problem of fficed torsion iL 
raotJon oi the encased elastic core, for arbitrary dependence 
on radial coordinate and time ol the prescribed displace- 
ments or >crc sscs Jt the end lon:i lor t: nu- harmonic 

forcing tunctions the <inalysis i extended to torced torsion- 
al moLton of an encased viscocJa^tic cylinder The visco- 
elastic solutions are derived in U'rms ol the Lomplex shear 
modulus 


11-021 "Dynamic Response Problems of Solid Propel- 
lant Rockets,” J D Achenbach Feature 
Article, Solid Rocket Structural Integrity 
Abstracts , Vol. 5, Ho, 1* pp, 1-34, January 
1968 

A survey of dynamic effects on the response of solid rocket motors 
is presented The service loads that isipart dynamic loads to 
solid rocket structures are discussed and the various techniques 
for solving dynamic response problems of solid rocket motors are 
reviewed 

11-022 "jjiQ structural Dynamics of Solid Propellant 
Rockets,” J, D, Achenbach, Applied flechamcs 
Revi ews , Vol, 21, pp, 549-555, June 1968, 
Methods of investigating the dynamic response of solid rocket 
motors are reviewed, 

1 1 "023 "Circumferential Modes of Vibration of A Model 
For A Solid Propellant Rocket,” J, D Achen- 
bach and F H. Chou, J. Spacedraft & Rockets , 
Vol, 5, pp, 964-968, August 1968, 

A thick-walled solid cylinder with a gas filling the circular 
cylindrical cavity is encased in a thin elastic shell. The mate- 
rial of the solid cylinder is incompressible and the behavior in 


shear is dependent on frequency. The transcendental frequency 
equation for free nonaxially syimietrical motion in the plane 
strain of the gas-sol id-case system is derived and is solved 
numerically For various values of the relative thickness of the 
shell and for a large number of models, the frequencies are shown 
versus the ratio of inner and outer radius of tne cylinder The 
dynamic interaction between gas and solid is discussed. 


"Axial Shear Vibrations of A Cylinder 
of Decreasing Th\ckness,“ J D Achenbach, 

AIAi\ Journal . Vol 4, pp, 1233-1240, July 
1966, 

This paper presents an ana'^ytical study of the axial shear vibra- 
tions of a long hollow cylinder that is subjected to time-dependent 
body forces in the axial direction An expression is determined 
for the shear stress at the bond i liter face It is shown that the 

instantaneous frequency of the shea** bond stress increases, and 
that its amplitude decreases toward burnout time. Various abla- 
tion rates are considered A modified Founer-Bessel mode is 
defined that satisfies the boundary conditions. Substituting this 
mode into the equation of motion, a solution is obtained by 
asyTptotic methods in the vicinity of the bond interface The 
axial shear vibrations of an ablating viscoelastic cylinder are 
discussed briefly, , 

11-025 "Effect of Elastic Case on Stability of Radial 
Modes in Solid Prooellant Rockets," by 0, E 
Achenbach and C T, Sun ) Spacecraft & 
Rocke ts, Vol 4, pp. 214-219, February 1967. 

The coupling of the ccmbustion process and the mechanical vibra- 
tions of a solid propellant rocket may result in acoustic insta- 
bility if a mechanical disturbance is amplified by energy release 
In the combustion zone Acoustic stability depends on the balance 
of energy sources and energy sinks. Energy dissipations in the 
gas and the viscoelastic solid prooellant binder are taken into 
account. The instantaneous frequencies of the structural system 
are determined from the undamped system In this paper the influ- 
ence of relative thickness of the elastic case on acoustic 
stability of the lowest radial mode is discussed It is found 
that in the early part of the burning process a thicker case makes 
a more stable motor Near burnout, however, the motor becoenes 
more stable for a case. 
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11-026 Achenbach, J D • "Vibrations of & Vlsco* 

i clastic Body," AIAA Journal s Vol. 5, No, 

6, 1967, pp 1213-12U, AD-S5? 

It was concluded that for a body of viscoelastic material 
of constant Poisson’s ratio subjected to surface tractions, the 
dynamic dlsplaceiacnC can be obtained, provided that (1) the 
static boundary-value problem for the corresponding clastic 
body subjected to the surface tractions can be solved, (2) the 
normal modes of free vibration of the corresponding elastic 
body ate known. 


II-026a TVilliams, M L ”The Axaal Vibration of a 

Viscoelastic Rod " GAIjGIT SM 63-9, California 
Institute of TechnoJogy, Pasadena, California, 
April^ 1963. 
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Chosh, Sukumar and Wilson, Idward* "Dvna-> 
nlc <>cress Analysis of Ajclsynmctrlc Struc- 
tures under Arbitrary Loading", University 
of California at Berkelev, Earth<^uake En- 
gineering Research Center, Californio, 
Report No EERC-69-10, <?eptenbcr 1969, 207 
p,, (PB-189 026> 


A finite elcr,ent method is presented for the dvnamlc 
analysis of complex axlsvmmetrlc structures subjected to any 
arbitrary static or d nimlc loading or base acceleration The 
three-dimensional axlsvmmetrlc continuum Is represented either 
as an axis smne trie chin shell, a solid of revolution, or as a 
combination of both Hamilton’s variational principle is used 
CD derive the equations of motion for this discrete structure. 
This leads to a nass matrix, stiffness matrix, and load vec- 
tors which are all consistent tlth the assured displacement 
fluid To ninlmlze computer storage and execution time, a 
diagonal mass matrix has been assumed In writing the computer 
program. For an earthquake analysis, the response spectrum 
technique ma\ be used to obtain approximate values of the maxi- 
mum response quantities if detailed time ]iistor\ of the res- 
ponse Is not desired This method of analysis Is applied to 
various practical cases 


In the Shell, however, are restricted to magnitudes for wliluh 
tnf inltcslmai elistlcitv theory applies The effett of Ijurtia 
of ttiL viscuc) cylinder Is Incliiilod in tiu. 'rnalysK 

The cylinder K intcrniJly pressurized by two types of pressure 
programs a stop prc*.Eure md a ramp pressure with four diff- 
erent rise-tifies For these londings the fulcrlsn sen in and 
c I rcumfcrtnc J il stress response at the lnn< r ind tnitor r uM I 
of the vlstocl istlc cylinder arc obtiincd using a second- 
order constitutive relation in which the stress depends only 
on the displacement and velocity gradients 


1 1 “030 '“iarlnescu, A1 "Concerning tin- Oscilla- 
tions of the Rocket,” Revue Roumdine des 
Sciences Tccitntqucs, SerLe dv Mccamniic . 
Applique . Vol 12, No ">, 1907, pp 1145- 
n hi , (in ( erm in) 

Ixaminition of a model rocket which has the shape of n 
rod with one ft no end and is ehametor l?od by vnr table mass 
iiiJ rigidity TIu free oscillations of the rod arc invest 1- 
gited h\ menus ol the bending rlieoiy, as well us from the 
stmdpolnt of rotation-il intrcia, sljear fanes, inntr dnmping, 
urodMiiriic d imping, imt ns ill forces Flm|l\, forced o«cil- 
I il toil', ufxiiii fiom tiu lonbln^d uttoit oi liiin(uiic, uuldtn- 
Cil, lud unsteuK pi rciirb it Ions nre studied Numirlcal exim- 
pjes vf cliese clirci. t\pes of purttirbiu^ force are presented 
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I uiri, Pitiicio A , Shihad\, I' nil A 
"t om,i.tudlnil Vilintions of a Solid I’ro- 
piliant Rockt t 'loior," Pi^vclopmi nc s In 
TliLoritxcil md Api>1 iod ^InhuiiiS , \ol 3, 
Southetstein (onfeteUCe op liuoretlcjl 
and Applied Mochanlfs, 3rd, University of 
South Carolina, Columbia, S c , 'lirch 31- 
April 1, 1966* I'Toeetdlng*; , ed 1' A 
■iliow, 1967 ,Wpp 623-033 


•^tiidj of the problem or mlcul'iting the* Inuor natural 
frequency of i long clamped circular cylintTer with a stir- 
shaped stress-free internal perfointlon vibrating in axial- 
shear node This problem Is interpreted as a flrsc approxl- 
mtion for a cvptcal long, solid-propellant rocket motor It 
Is pointed out that die mctliod described is dlrtctly applicable 
In diternminp the cutoff frequencies of wave-guides of very 
generil truss sect ion 


n ^ooQ Fitzgerald, E A "The Dynamic Response 

■"U^O Linearly Viscoelastic Cylindrical 

Shells to Periodic or Transient Loading," 
Shock and Vibration Bulletin * Navil 
Research Laboratory Ho, 58, Part 3, Nov* 
1968, pp. 121-137* 

Author discusses the correspondence principle of Blot 
governing the use of elastic equations to solve the analogous 
viscoelas t li* problem and shows that correspondence will exist 
for cvlindrLeal shells only for sinusoidal mode shapes* Con- 
sidering multilayer cylindrical shells, ho uses a Donnell- 
type analysis, somewhat more general chan that of Bienlclt 
and Freudcnchal and fidapts Cowper's method to allow for trans- 
verse shear The solution, In terras of normal mode theory, 
ib used to (Ictcrraine the response of various nmltllaycr shells 
to impulsive, harmonic and random loads. 
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Mu, C K , Chang, C II "Wave Propaga- 
tion iu Hollow Mascir Cylinders with End 
ConsLt'Unts Developments In Mechanics 
Vol 3, 9tli Midwestern Ml than res Conf , 
University of Niscaiisin, Nad Ison, Hs , 
Au«* 16-18, 1965, Proceeding's, Part IT, 
Dynamics and Fhiid Mechanics, ed T C 
miang, M W Johnson* Jr . 1967, pp 203- 
21A 


solution foi tliL dvmmic displacements (and stresses) in 
1 thukvrilhd finite lIi I u cylinder, i.hich is subject td to 
nn inuruil bl.T i-ioinlnn riie cmK of tiu cv I iiuler are welt 
lulnicUvd, but tlic) , 11 L picvLiitcd from ax I 'll movcinmC The 
anskysis has ippliLations to some rockcL-motor thrust clninber 
coflipontnts, winch ire tc with stand the transient loadinj, of 
thrnsL bui Ifhip w 1 tluHil interfcrcnct uirli giinb^ling 


11-029 Magr ih, bdwird B "Trin'.Itnc Rcspun&w 

of a Cise-Bondcd Noni intiir Viscoela* c It 
( vj indtr , ” AlAA Inurml, Vol 7, ^o 4, 
April 1969 

The probUra of a rapidly pressurized, infinitely long, 
thick-wnlled viscoelastic cylinder bonded to i tliin eldstic 
icll ib considered TIk pi'ine strain solution is obtiincd 
ten Che strain e and deform it Ion rite d In the viscoi last ic 
'Under irc such this t <. ms of order throe ind iiighcr in e 
id d can be. neglected In Lorapirlson wUh c md d The scriins 
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Anderson, C "Flistic ritine-Straln VI— 
bntlons of a Hollow Cylinder Bonded to 
1 Thin SIigII," Acoustical Soclocv of 
Amori< i* lounnl * Vol 63, Hiy 1968, pp 
J180-8> 


Frequency equations for clastic plane-strain vibrations 
if an Infinitely long hollow clistlc cylinder bonded on the 
>utcr curved surface to a thin clastic casing arc discussed 
Uid compared wltli almirir equations appropriate lor kiollow 
'■ylindcrs with (1) tracCion-frCo surficos and (2) one tractlon- 
ri ( ind one cimnpicl i.iirf u i Iho ;ix tsymrni Lr Jl ninrh uticoiiplos 
nto 1 shear mode aiul a radtal-oxtcnslona I motk The effects 
f sliell thickness, miss density, and elistlc properties on 
In. natural clrculir frequency coefficients asTOClated with 
.ho bliear and extcnslonal modes arc discussed, md graphs of 
the natural circular frequency coefficlrntt and oi a di'Jplacc- 
ment ntlo >arc included 


.A^?Z . 
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Anderson. G "Elastic Axial Shear Vibra- 
tions of a Hollow Cylinder Bon led to a 
Thill Shell," Acouscicnl Society of America . 
Journal . Vol. 43, May 1968. |ip. 1182-84 


Frequency equutions and displacement ratios for elastic 
axial shear vibrations of o« Infinitely long hollow clastic 
cylinder bonded on Its outer curved surface to a thin clastic 
C«i3lng ate derived and compared with similar equations ap- 

hollow cyllndcrt. with () ) traction-free surfaces 
and (2) one tructlon-frcc and one damped surface V.,rloos 
plots of the raturjl circular frequency coefficients and dis- 
placement ratios have been made in order to display their 
dependence on shell thickness, core thickness, mass density, 
and elastif- properties 


load are recorded fay high speed photography. Two other quan- 
Clttos nre iroasurod, pressure history applied to the propellant 
and the strains of the fiberglass casing. 


11-038 Kelkar, Vasant S "Vibrations of a Hol- 
low Plastic Cylinder Bonded to a Thin 

of A Different Mntcrlfll,'* Knttonal 
Aeronautics itid space Adiulnl vtrnt Ion , 
Amts Ro‘«Cttrch Center, Moffett Field, 
California, November 1967 


11 — 035 Knobeloch, G. W ; Shulmnn, Ycchlei "Oy- 

nntnlc Response of n Composite Shell/' 
Aitfcrican Institute of Aeronautics and 
Astronautics, an^ American Society of 
Mechanical Ptiglneers, Structures, Structural 
Dynamics and Materials Confeicnce, 9th, 

Pdltn Springs, Calif , 1-3 April 1968, AIM 
Paper 58-351 


An approximate analvclc solution U ohtnJuod to the tr«i>- 
sienc re*?pon^o of an inflnUeU lonp cyllmlrlLil ihcll sur- 
rounded by a viscoelastic hodfun A unifom. nxlsyitunetrU 
pressure pulse Is applied to the interior of the shell. Cases 
where the shell is considered to be (1) elastic 
and the shell is considered to be a composite shell con- 
sisting oE an inner elastic layer ami an outer viscoelastic 
layer The viscoelastic media ire described by the complex 
modulus representation of the constitutive relations The 
elastic shell Is described by thln-shcll theory The results 
Indlcote the nature of the response over a wide range of visco- 
elastic properties The approximate solution corresponds 
favorably with results obtnin&d by numerical techniques A 
composite shell with a viscoelastic layer having high shear 
and bulk modu It which is surrounded by a viscoelastic nedluo 
having relatively low moduli is found to respond in a manner 
similar to that of an elastic shell surrounded by a visco- 
elastic medium with high moduli. 


II-"036 Shaffer, Bernard W_, S,mn, Robert I. 

"OpCLTiijni Relaxation Time for a Maxwell 
Core During Forced Vibration of a Rocket 
Assembly,” New York Uoiversrty, School 
of Engineering Science, Depprcinenc of 
Mechanical Enoinccring, Dnivorsity Heights, 
New York, December 1967 

When the core of a casc'bondcd viscoelastic assembly is 
{Rcde of a MxKWCll solid, an optimum relaxation time is found 
which riinimlzes the dlsplocctncnt amplitude and the bond stre.s*! 
response at resonance For a Voigt solid the dlsplacctnertt 
anplitud6 and the bond stress responce it resonance decreases 
with retardation time, but no Optimum time exists in the same 
sense. 


11-037 Sclatnmarclla, C. A ; Chlang, Fu-pen: 

"Dynamical Stresses ard Strains In Pto- 
pcllarvt Grains," Inter agency Chemical 
Rocket Propulsion Group, Mechanical Beha- 
vior Working Croup, 6ch Meeting, December 
5-6, 1967, Jet Propulsion Laboratory, 
Pasadena, Calif , CPIA Publication No 
158, Vol. 1, October 1067 

The main purpose of the research program presented In this 
paper la to study crpcrlmontally the transient phenomena thot 
take place In propellant grains at the Inltiatton o£ IgnUlon^ 
As the first problem In the analysts of transient phenomena, 
the effect of energy dissipation in the propellant in the re- 
duction of maximum chamber pressure at the beginning of igni- 
tion Is undertaken* A hollow cylinder case-bonded propellant 
grain Is used as a model. A ring section of the cylinder is 
utilized as representing the propellant behavior, A discus- 
sion of the similitude eonditlon is given. It is shown that 
the plane stress condition prevailing In the ring gives re- 
sults that differ substantially from Che plane strain condi- 
tion existing In a long cylinder A loading device able to 
simulate the pressure generated by the Ignition is designed. 
The moire method is utilized the experimental stress tech- 
nique. The dynamic moire patterns produced by the applied 


Exact aoluttons arc obtained to determine the natural 
frequencies and mode shapes of a thin cylindrical shell sup- 
ported by a hollow core of a different material Materials 
for both shell and core are assumed to be homogeneous, iso- 
tropic, and linearly elastic A perfect bond Is assumed at 
the junction of the shell and tlie core The composite cylin- 
der is free from stresses at Its curved boundaries and Is 
supported by a diaphragm at Its flat erds The solutions for 
the core are based on three-d imenslocnl close icity theory 
and for the shell on bending theory Curves are plotted to 
show tin: vir inclou of the frequency with che varincior In 
eirctimforont i nl and iistnl wnvt, mutibci s ind in I hr ratio of 
inner tu outer radn of tin toit' 
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ia«,tiui:cHa, C A , Clilnng, 

"Scrui-UtraJ InregriL) Mud ins a Suidy ^*r 
Lhc TjinaicnL r'linvier nl rropcll int 
Grains Under Dynamic Loads By Means of the 
Nolrt Technique," Report Wo TR' I , 
Florida Unlver&Lty, Gainesville, Dept of 
Enpineerioj'^'Se i ence and Mechanics, Dec 


The main purpose of this research program was to study 
experimentally the transient phenomena that take place in 
propellant graius at Che initiation of ignition. As a first 
step in the analysis of the transient phenomena, the effect 
of energy dissipation in the propellant, in the reduction of 
the maximum chamber pressure at tiie bcgltinlng of IgnUlon was 
undertaken 


11-040 Sann, Robert 1 , Shaffer, Bernard W. 

'Free Transverse Elastic Vibrations of a 
Solid Cylinder Bonded to a Thin Casing,'* 
Sidra .Iciurnal on Apoliad Mathematics . 

Vol 14, No 2, Hirch 1966, pp 266-285. 

Frequency equations and mode displacement functions 
have been derived for the plane strain, free transverse vi- 
bration of a cylindrical assembly consisting of a solid elas- 
tic core bonded to a thin elastic shell* Deformation of the 
elastic core obeys Nnvier*^ equation of elastoUynaraics while 
deformation of the casing In extension and in bending occurs 
(n accordance with the equations of thin shell theory Two 
ilffarent ‘JoUitloni, arc presented, one Is applicable to a 
tonprcsstblc and the other to an Incompressible core mater- 
ial It Is found chat with a compressible core, the rota- 
tional ly symmetric mode has two uncoupled motions, one is a 
rigid body rotation of the casing with a twisting of the 
cylinder and the other is a radial "breathing" of the casing 
and the cylinder Tlie breathing mode is not present with an 
Incompressible core Some simplified frequency equations 
are also presented for llfiitting oxc/Omes of rlf^idity and 
density 
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1 1 “041 Magrab,- E<Jwar<l B , "Transient Vibration^ 
of a Rapidly Pressurized Nonlinear Visco- 
elastic Cylinder Bonded to a Thin Elastic 
Shell/' Paper presented at the Fifth U S 
National Congress of Applied Mechanics , 
June 1966, (abstract only in Proceedings ) 
The problem of a rapidly pressurized, infinitely long, 
thick-walled viscoelastic cylinder bonded to a thin clastic 
shell is considered The plane strain solution is obtained 
when the strain, and deformation rates, in the visco- 
elastic cylinder are such that terms ol order, three and 
higher in je and ^ can bft neglected in comparison with je. and 
^ The strains in the shell, however, are restricted to mag- 
nitudes for which Infinitesimal elasticity theory adequately 
applies The effect of inertia of the viscoelastic cylinder 
is included in the analysis The cylinder is Internally 
pressurized by two types of pressure programs a step pres- 
sure and a ramp pressure with four different rise-times A 
second order constitutive relatl 9 n is developed for an iso- 
tropic, incompressible viscoelastic material in which the 
stress depends only on the displacement and velocity gradi- 
ents The constitutive relation contains seven material 
constants which can be determined from four experimental 
tests These tests are described in an appendix. The con- 
stitutive relation Is used to obtain the Fulerian strain and 
normal stress responses at the inner and outer radii of the 
viscoelastic cylinder to both the step and ramp pressure 
loadings. 
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Harinescu, A1 "Approximate Analysis of 
Forced Vibration of Rocketb," Revue Roumalne 
dea Sciences lechnigues. Sdrle de Hdcanlque 
Appllqu^e , Voi 9, No 5, 1964, pp 1115-34. 

A discussion of the forced vibrations of rockets, when 
the latter are considered as beams of variable mass with 
free cross sections at the ends Forced vibrations under 
the action pf external harmonic forces are first considered 
Subsequently, such vibrations are examined under the action 
of external random forces followed bV ^ discussion of dis- 
continuous external forces -In all cases the equations for 
forced vibrations examined Include the effect of. internal 
and aerodynamic dampings as well as the effect of axial and 
restoring forces. 


11-043 Daniel, I. M, "ExperlmcnCal Methods for 

Dynamic Stress Analysis in Viscoelastic 
Materials," Journal of Applied Mechanics . 

Series E, Vol 32. No. 3. September 1965, 
pp. 598-606 

This paper deals with experimental methods of dynamic 
stress analysis in viscoelastic materials Plasticized 
polyvinyl chloride Is used as the model material Dynamic 
properties, both mechanical and optical. In the form of a 

A-24 


complex modulus ind a stress fringe value as funecionb of 
frequency are determined by means ot sinusoidal oscl lint ion 
tests Thebe are converted into a relaxation modulus aiul i 
stress fringe value is functions of time Two approaches 
are discu*»SL*l In Lhi first one, m< isured stnin*, in the 
model ind tliL material relaxation oiodulus are used for the 
computation of btresscs bi numerical Inrcgratlon of the 
integral constitutive relations of viscoelasticity In Uil 
other appro-jch, bii Gfrim^ent measurements in the model and 
the stress fringe value of the material art used for the 
computation of the principal stress dlffcrtnce by numerical 
Integration of the integral stress-optic relation The ap- 
plication of these methods is demonstrated In the cases of 
a strut and a plate subjected to the impact of a falling 
weight. Results obtained independently by the two methods 
are in satisfactory agreement 


il-044 Elder, A. S, “Derivation of Formulas for 

Calculating the Transient Response of a Visco- 
elastic Torsional Pendulum." Bulletin of the 
2nd Meeting ICRPG Working Group on Mechani- 
cal Behavior, November 1963, pp* 141-160. 

The pendulum consists of a circular viscoelastic rod fixed 
at one end and attached to a disc at the other end. The disc, 
initially at rest, is subjected to a step function of torque. 

The subsequent motion is analyzed in terms of normal modes 
and normal coordinates. The normal modes are found by 
separation of variables. The characteristic numbers asso- 
ciated with these modes depend only on the moments of in- 
ertia of the rod and disc, and not on the mechanical proper- 
ties of the rod. The normal coordinates are solutions of 
integro-differential equations of the Vol terra type. These 
equations may be solved by means of the Laplace transform 
if the mechanical properties of the rod are represented m 
differential operator form. 

After the response to a step function of torque has been ob- 
tained, the response to an arbitrary torque may be obtained 
by means of Duhamel^a integral 

This method of analysis may be applied to other dynamic 
problems in linear viscoelasticity provided the characteris- 
tic equation can be reduced to a form that does not involve 
the mechanical properties of the material. 


11^045 Henry, L A., Freudenthal, A. M. "Forced 
Vibrations of a Vlsco-Elastic Cylinder Case- 
Bonded to a Thin Elastic Shell. " Technical 
Report No. 22, Columbia University, New York 
City, January 1964 

This paper is concerned with the forced vibrations of case- 
bonded solid propellant grains. Special attention is paid to 
the interaction between the thin elastic shell (case) and the 
thick-walled propellant cylinder. The effects of material 
damping in the propellant are explored. 

Frequency-response functions are computed, which can be 
used for analysis in situations where the loading is arbitrary 
deterministic or random (stationary). 



11-046 


Henry, JU A* ; Freudenthal, A. M. "Forced 
Vibrations of a Finite Viscoelastic Cylinder 
Case- Bonded to a Thm Shell. " Paper No. 
65-173, AIAA 6th Solid Propellant Rocket 
Conference, Washington, D. C. , FebruaVyl-3, 
1965, 


Frequency- response functions arc determined for the 
stresses and displacements in a viscoelastic thick-walled 
cylinder case-bonded to a thin cylindrical shell. A radially 
svmmetric solutiox^s ^l^tained in three steps. 1) the solu- 
tion 13 obtained for a thick- walled cylinder with oscillating 
pressures on the inner and outer surfaces and a tangential 
Stress on the outer surface m Che axial direction, 2) the 
solution IS obtained for a thin cylindrical shell with internal 
pressure and tangential stress in the axial direction on the 
inner surface and with the outer surface traction free, and 
3) combinations of solutions 1 and 2, requiring continuous 
displacements at the interface, give the solution to the 


problem. The equations of linear elasticity are used for the 
thick-walled cylinder. Membrane theory is used for the 
shell. Damping is introduced by means of complex moduli. 
The boundary conditions require that the radial displacement 
and the normal stress in the axial direction both be zero at 
each end. Numerical results are presented for the first 
barrelling mode of the structure. These computations 
illustrate the effect of the coupling of the cylinder and shell 
on the natural frequencies of the system in the range con- 
sidered. The effect of various degrees of damping in the 
thick-walled cylinder is also clearly illustrated. 


II'"047 Kingaburv, H, B. i Vinson, J. R. , Soler, 

A. 1 "Lobar and Longitudinal Vibrations 
of Solid Propellant Rocket Motors. " Paper 
No. 65-172, AIAA 6th Solid Propellant Rocket 
Conference^ Washington, D, C. , February 1-3, 
1965. 

Approximate analytical methods are developed to deter- 
mine the lobar (breathing) mode shapes and natural frequen- 
cies of a solid propellant motor, the axially symmetric 
propellant mode shapes and natural frequencies-during lon- 
gitudinal vibration, and the propellant stresses during 
forced longitudinal vibration. Such methods ^.re essential 
to the study of motor structural integrity during transporta- 
tion and handling. For lobar vibrations, the Reissner Func- 
tional IS formulated utilizing a plane strain solution of the 
motor undergoing arbitrary inextensional deformations of 
the case. Employing a variational technique, analytical 
expressions for the lobar natural frequencies and mode 
shapes are determined For longitudinal vibrations, the 
propellant is considered as a thick, hollow, elastic, finite 
cylinder. Functional forms for stresses and displacements 
are assumed with arbitrary radial and axial dependence. 

The repeated use of Reissner^s Principle yields equations 
applicable to various boundary conditions. From these, 
natural frequencies and mode shapes are determined. 
Numerical results using the expressions developed predicted 
fundamental lobar and longitudinal frequencies W'thin 2 /o of 
those obtained from full-scale rocket motor tests. Finally, 


an approximate method is developed to determine stresses 
and displacements m closed form for motors under forced 
longiludinal vibralion. Us range of applicability includes 
the frequencies associated with transportation and handling 
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1 1 1-048 Barrett, R. E, "Techniques for Predicting 
Localized Vibratory Environments of Rocket 
VvJutlcs " rochnical Note D-1836, National 
Ai ninautic.h and Spat e Atimimstration, Mar- 
shall Space Flight Center, Huntsville, Ala- 
bama, October 1963, 

R is imperative that the vibration environment of future 
vehicles be prtdic^d urior to design and development so 
that satisfactory design and test procedures can be estab- 
lished These cntcrui are essential to the establishment 
of hip)i reliability stand irda nenssiry for man lalod 
hides The methods and techniques presented herein 
allow adequate predictions of future vehicle environments. 

These techniques rely upon typical structural configura- 
tions which have been sufficiently defined by measured data 
Subsequent statistical analyses describe the dynamic char- 


acteristics of the structure with statistical certainty. Thus, 
with only a knowledge of the structural geometry and mass 
characteristics, the anticipated dynamic environment may 
be established These techniques are applicable to all 
rocket vehicle structure including corrugated and sandwich 
skin construction. 

The predicted environments represent a statistical 
estimation since the reference spectra are established by 
statistical techniques Consequently, the probability of the 
actual environment not exceeding the predicted environment 
of a future vehicle is established with a 97. 5 percent confi- 
dence. This does not infer that the predicted environment 
will accurately correspond to a single measured environ- 
ment. Certainly, some of the measured responses of a new 
vehicle will be significantly lower than the predicted. This 
IS to be expected since the criterion is such that the predic- 
tion will envelope 9? 5 percent of the situations However, 
this problem is elevialed somewhat by the techniques uti- 
lized of separating rocket vehicle structure into eight (8) 
lasic categories — each possessing essentially similar 
dynamic characteristics. This reduces the v.-riance about 
the moan so that the mode value (most likely to occur) is 
not grt-Atly less than th*. higher confidence limits Thorc- 
fore, the 97. 5 percent e 1 1 tenon may be used without the 
concern of over conservatism in regard to a specific prob- 
lem 


II 049 Arveson, W n "Dynamics of a Uotka wiili 

an of Symmetry. NAVWk.l'S lUport 
7958. N01S1P 3000. US a 1 Ordnance 
Test Station, China Lake, California, July 
1963 

A fundamental analysis of the dynamics of a short-ranKC 
rocket-propelled vehicle with an axis of symmetry is pre- 
sented The treatment is rigorous and comprehensive. 



stressing the interpretation and application of physical 
principles to this problem. 

The number of initial assumptions has been kept small 
The final equations are quite general, and are carried 
through a senes of approximations and restrictions. 


Sarkar, S, K. "Torsional Vibration of a 
Semi- Infiniter“Visco8 la Stic Circular Cylinder 
Due to Transient 'torsional Couple, " AIAA 
Journal, Vol, 1, No, 6, June 1963, p, 1427, 
This paper is concerned with the determination of dis- 
placement in a semi-infinite viscoelastic cylinder when a 
torque, exponentially decreasing with time, is applied on a 
prescribed region of the plane end. 


11-051 Cook, K. S, , Chappell, R N. "An Analog 
Solution to Viscoelastic Structural Prob- 
lems, " CPIA Publication No. 61U, Bulletin 
of the Third XCRPG Working Group on 
Mechanical Behavior, Vol 1, October 1964, 
pp 141-152, 

An analog computer solution to transient, viscoelastic 
structural problems is presented. The general form of a 
computer diagram for quasi-atalic problems is developed, 
and it 13 shown that dynamic problems may also be ana- 
lyzed by the same methods The quasi-static and dynamic 
responses to internal pressurization of a viscoelastic 
propellant gram in an clastic case arc given as examples 
Computed results arc compared with test results The 
method utilizes the relaxation modulus rather than the com- 
plex dynamic modulus. 
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Burton, J, D. , 'Jones, W. B. , Frazee, J. D * 
"Viscoelastic Vibrations " CPIA Publication 
No. 61 U, Bulletin of the Third XCRPG Work- 
ing Group on Mechanical Behavior, Vol, 1, 


October 1964, pp 191-202, 

Fatigue testing of solid propellants has been conducted 
at Rocketdyne since it was discovered that prolonged, 
large amplitude, relatively high-frequency vibration of 
solid propellants caused structural failt^re of that visco- 
elastic material Small models have been used for this 


1 1 '"053 Garrison, U, E, * "Final ^Report - Resonance 
Search and Response Test Stage I Minuteman 
Motor with Embedded Instrumentation (TU- 
122-1834, 1062, TTM 009). " Thiokol Chem- 
ical Corporation, Brigham City, Utah, May 
1964, 

A total of thirteen vibration tests were performed using a 
live Stage I Minuteman motor with both external and embed- 
ded instrumentation. Ten of the tests utilized the electro- 
dynamic exciter system and three of the teats Utilized the 
clectrohydrauUc exciter system. Five tests wore performed 
with the excitation applied parallel with the longitudinal axis 
of the motor. Six tests were performed with the excitation 
applied perpendicular to the longitudinal axis (transverse). 
Two tests were performed with asynchronous excitation 
applied at each side of the motor center, i, e, the driving 
forces directly opposed, were 180 deg out of phase with each 
other, 

Dilvlng point mci.haukal Impetlancc measuicmonl'i wore 
found to be an excellent means of detecting resonance. In 
some cases, antiresonances by Impedance may indicate 
erroneous results but can be verified by mode shape analys- 
sis. 


11-054 


Uynurn, floiii tfis., Ir ^'Vllir,n t i on-tc«t 
^vlhroMoll of TO Ul IJli.f- oin II int 

Rorki.t Mol 01 1 xpiir I tm >U n I 

Vol 10, tin 2, tUirinry 1970. |>]> 57-63 


Tlie mission of the ULLAGE motor Is to maintain a positive 
aLceli-ratlon of the Saturn rocket during the period bt,cwccn 
harnout of the first stnge and Ignition of the second- stage, 

IJic eight UllJVt.J' motors nttailud to the Saturn second stage 
arc fired during stparTtlon from the first stage They must 
ULthbtaud intensL ound levels and vibrations trmsferred 
through the flrbC stage and the Interstage structures 

VInratlon tc .ts were perforned on an inert UITJVGE motor 
to bafely educe tin. approximate response of the dcsipn ronflg- 
uintlon Thu results served as a b.i Is Cor improved d(flni- 
tlons of the control pirsmutors In subsequent vibritlon tests 
por formed duj^tng thv development program The motor vtts 
tosLid while snhjeitud to harmontu (sEnusoidi!) dl>pl icing 
t\citition. . 1 ' wtll IS to i rrinislnn cM trlbiitlun of rindom 
viliratlon Thu tnn ml >slhl II t lus and powur spc<tral lUniltles 
were oht lined for forcing function ils In the longl tuiMnal, 
wcUal.and tnngontlil <li rtut lon<i SuimuirJus of t 11 the. vlbrtJoii 
tests wuru prepared itul the critical f requeue lus were enumera- 
ted and discussed 


1 1*^055 Shaffer, Bernard W., Sann, Robert I 

"Forced Transverse Vibration of a Solid 
Viscoelastic Cylinder Bonded to a Thin 
Casing," Journal of Applied Mechanics . 
Vol 36, No, 4, December 1969. pp 827- 
' 83-; 


testing to minimize the expense and complexity of the study 
program One model used is a longitudinally-vibrating 
weighted column. Expressions developed by Williams 
from basic equations of motion were solved to give the 
response of the column. The solutions, while complex, 
consider body forces and describe the motion of a plane 
withm the model as a function of time. Uniaxial tensile 
test data m the form of relaxation modulus curves have 
been transformed to determine parameters for a mathe- 
matical model used to describe the propellant properties 
in vibration The relations were then evaluated to predict 
the model response. It is shown that predicted and exper- 
imental response are in good agreement. 


The amplitude versus frequency-response spectra of stress 
and displacement components within a solid viscoelastic cylin- 
der bonded to a thln>^tla^j^c casing arc obtained when arbi- 
trary normal ,ind tinpentlal <^trcsscs are applied to the outer 
•iurfacc of the ensinp Spcelal consideration Is given to 
assemblies whoso cores are made either of a Voigt material 
or a Maxwell material. A quantitative comparison of the bond 
stress amplitude spectrum at the lowest cl rcuroforentlftl wave 
number revcnls for both Voigt and Maxwell cores, and for 
smll values of retirditlon time and rehsxatlon time, respect- 
ively, that the amplitude ratio between the radial bond stress 
and the lateral pressure decreases with Increasing values of 
the time constant As the time constants get larger, the 
resonant amplitude increases for the Maxwell material, and de- 
creases for the Voigt material. The Voigt core essentially 
behaves like in clistlc solid ot small values of its retarda- 
tion time, and like a viscous fluid at large values of its 
retardation time The Maxwell cere essentially behaves like 
a nonvlscous fluid at small values of its relaxation time and 
like an elastic solid at large values of its relaxation time 
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Pan, H IL ''Axlsymnietrlcal Vibrations 
of a Circular Sindwich Shell with a Vli,ct>- 
elistlc Core Layer," Jourml of Sound and 
Vibrati^, Vol 9. No 2, Hirch 1969, no 

■»TO_1AQ » I I 


The author presents a thorough derivation of tl>e govern- 
^ three-layered cylindrical sand- 
rhnJ finite length. The derivation is general in 

at each layer is allowed to have Independent thicknesses 
and eiastlc^propertles. The derivation Is restricted to arl- 
symmetric vibration. In solving the governing equation, the 
frequency equation and corresponding coroposice loss-factor 
equation are developed It is found that the composite loss- 
factor Is independent of the boundary conditions, but that 
the »^atural frequencies and damping effect of the viscoelastic 
^re vlll be different under different boundary conditions 
The analytical results are compared with Uniting cases of 
ra ns verse vibration of sandwich plates and beams 


IN057 

lioekel, T* F,; "TIjc Structural Design 
of Solid Propellant Grains," Emerson 
Electric Report No. 2123, 3 January 1967. 

The report was prepared to serve as reference material 
for a lecture course The material is presented in elctncnta' 
ry fashion to serve the needs of personnel other than those 
directly concerntJ with structural analysis. The report 
initiates with strength of materials and elementary elastici- 
ty. Viscoelastic behavior, environmental Influences and 
failure data arc covered in brief. The majority of the con- 
tents are devoted to ddpign problems and preUminary design 
analysis which are employed to study the problems 


II"*058 Anderson, J. McKay "Adaptation of the 

Finite-Element Stiffness Method to Visco- 
elastic Steady-State Sinusoidal Vibration 
Solutions," CPIA Publication No U9, 

Vol I, Proceedings of the 5th ICRPC 
Meeting Mechanical Behavior Working Croup . 
October 1966. p 297. 

A procedure outlined for adapting the finite-element 
stiffness method to the solution of steady-state sinusoidal 
vibration problems considering general linear viscoelastic 
aaterial property representations The kinetic energy for 
the finite-element model Is written In terns of the nodal 
displacement coordinates > Lagrange's equation^ls then ap- 
plied CO the kinetic energy expression to determine the iner- 
tia terms in the equations of motion static equilibrium 
equations, obtained from the elastic f inite-clcmcnc formula- 
tion, aie used in combination with the inertia terms to com- 
plate the equations of motion The steady-state frequency 
response solution to the equations of motion is obtained and 
the elastic-viscoelastic correspondence principle is then 
used to Craijslorm the elastic soluCjion Into a sCeady-otate 
viscoelastic solutioni 

Finite-element computer programs at Hercules Inc , modi- 
fied to obtain frequency response solutions, provide visco- 
elastic solutions which are generally In excellent agreement 
with knoyn solutions* A detailed frcqu^,ncy response analysis 
of a two-layered, Clnlte-lengcli cylinder Is presented which 
^exhibits typical core deformation and stress patterns at 
several of the resonant frequencies fundamental modes for 
conditions in which the core is not reslrnlned by the case 
at the ends are primarily axial-shear modes of the core 
When the core is restrained at the ends by rigid plates at- 
tached to the case, fundamental modes exhibit strong coupling 
between the core and the case 


If ^059 Baker. W F . nnly, I "Dvnnmlc 

Analysis of Solid Fropollnnt GuiIns Using 
the Hnite Memeut Method (lUrecL Stiff- 
ness Method)." CriA Tub II call on No U9, 
Vol 1, Proceedings of the 5th ICRPC 
Meeting Moclianicsl Boliivlor Working Croup , 
October 1966, p 319 

Presented Is a met. hod of dvnjmic anUysIs of complex con- 
tinuum bodies by the extension of the finite element method 
Both Che axlsymmetrlc and plane stress/strain formulae Ions 
together with the associated computer programs have been 
developed The analysis was developed using viscous damping 
and the assunpclon thoc classical modes exist The undamped 
frequencies and mode shapes are first calculated and are used 
through a mode superposition method to calculate the response 
to an arbitrary dvn jrnic loading The method is proposed for 
application on solid propellant grains as a first approxima- 
tion of the natural frequencies and dynamic response Dis- 
cussed are the theoretical development, correlation studies, 
applications, and some of the limitations of the analysis 


11-060 


IKl), J imts I , Ui.ck4.r, I rlc B "l^ynimlt 
S) r< s I VI ii Ciisc-BonJv d (vllnd^r IHu it« 
Irui lint Aurnl It Ar<.i>lent li>iis AlAA 
J onrn >1 , Vol 7, No 3, 1969 


In one ippHi illons, v. isc-bomicil lIt'.lIc cylinders xn 
giviu I ii^h I lUs of pin quite ripldl>. lo flirt some insight 
,il>ouC tin. dyrni’iK str^ssis in tin < > I I ndtr dtrri ng such loading, 
tin. trots Icn: rrspotist^of an tlistic clrtulpr cylinder that is 
boitJi.d to a more *is in' cstigattd The case is given 

1 s|)«.(ttiod angular ati ttion as i function of time Speci- 
rii tllv, tlie nsc is given in Impulsive ingular acceleration 
and 1 stop rnnctinn ingul tr ucc lent Ion Numerical results of 
lIksl ituitiortb tre prisuttcd The numerical rcbults for 
tin slip fmorton inpultr Hieleiition ire for an InLomprcssible 
c I ist h c\liitdcr In ill itoCinci-s, tht -cylinder is cirnsldurcd 
to hi in I ,Mti o( plttK .triin 


11-061 Malone, Dtvid W , Connor, Jerome f 

"Irinslcnt Dynamie Kesponse ol Llncirly 
Viseoelistic Scructureb ind Conclnua," 
Americin Society of Mcchinicnl hnj>lnecrs 
inJ Amerlein Institute of Acromritlcs ind 
Astronatic Ics, Structures, Structural 
Dynamics, ind Materials Conftrence, lOtlt, 
rroLoedlnrs, Niw Orli tns, I i , 1/|-16 April 

pp n 1S6 

Destripilon of i f Inile-olcnent d i spine t ntrit formulation 
for the direct determmtlon of the dvmnic response of 
structural bvsttns composed of arbitrary mater tilsi In order 
to invest igjte the prarilctlitv of such m approjeh, the pro- 
ecdun Is mpUmented for i linenr vlscoclistlc material 
The concept of Intel nal coordinates, based upon m exponential 
expans ifln*- of the reliyitlon modulus, Is used directly In tlie 
solution'procedure to a^oid cirrvlng along the strain histories 
From nuntricil considerations of the discretized form of the 
constitutive relation, it is sliown tint only a few terms in 
die exponential expins Ion mav he necessary (or satisfactory ac- 
curacy In I structunl imlvsls problem The method has been 
implenonccd for plmc-stress/planc-straln Imundiry-vaJuc 
problems usinp first-order triangular and roctanpulir elements 
ind a viscoelastic miterl il with constant Poisson's ratio 
Results arc presented for teo simple situations which were used 
to check out the computer program 


11^062 Coudreau, G L. "Evaluation of Discrete 
Methods for the Linear Dynamic Response 
of Elastic and Viscoelastic Solids", Uni- 
versity of California at Berkley, Struc- 
tural Engineering Laboratory, California, 
Report No SESM-69-15, June 1970, 131 p.^ 
(PB-19A 286), 

Governing ffelcF' ^uatlona are given for the linear tne- 
chanicil theory of solids, including the extension of 
IhmLlton's principle to viscoelastic solids Through the use 
of convolutions, a principle is coiistructcd whose Lulcr equa- 
tions are the Integral equations of motion, containing the 
initial conditions Closed form solutions are presepted for 
the lumped and consistent mass finite element models of the 
simole bar. membrane, and beam operators Further, the 
spectral approximation to the two radial mode Mlndlln-llermann 
ar theory is gcudicd Step-by-otep ochemrs for the time In- 
tegration of discrete systems are discussed. A property of 
the explicit time integration scheme which gives it the power 
CO capture discontinuities In the propagation of stress waves 
s also discussed. Tivc method embodies the ^direct' or *dls- 
continuous stfp’ .echod of Mehta and Divlds and Koenle In 
conjunction ulth n finite element spatial dlacrctUitlon 


11-063 


nunhantj Robert S "Oynamlc '>cre*i*i 
Analysis of One-Dlmenslounl The rmorhco logi- 
cally Simple Viscoelastic 9ollds with 
NnnllnLar Heat Conduction Annlvsi< 

U 9 Army MI<'‘illc Command, Ri Arsonnl, 

Alabama, Repot. t No Rk-TK- 70-13, July 
1970 


This report presents a computer code for the dvn.inlc 
stress analysis of one-dlmenslonal plane, axlsymnetrlc and 
spherical chermorhcologlcally simple viscoelastic solids in a 
transient thermal environment. The uncoupled heat conduction 
equation Is also solved for these geometries , with the option 
of temperature-dependent conductivities and specific heats 
A user's manual, program listing, and tvplcnJ Input-output 
date are included 
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11^064 Hunter, S* C, 'The Solution of Boundary 

Value Problems in Linear Viscoelasticity," 
in Mocj^cs and_rh gmi5tTy of Solid Pro£el- 
edited by A C Enngen, H Lieho- 
Witz, $ L Koh and J, M Crowley, p 257, 
Perganon Press, 1967. 

Methods for the solution of boundary value problems in linear 
viscoelasticity are surveyed and applied to a number of physical 
problems, including dynamic problems 


ii-uuo f'The Dynamics of Solid Propellant Kocf'et 

Motors,'^ 0, H, BaltruKonis in l^echanics and 
Ch&Tiistry of Solid Propellants, edited by 
A. C Eringen, H. Liebowitz, S L. Koh, 

J H Crowley, p 297, Pergamon Press, 1967. 

At this point in the development of the art of design of solid 
propellant rocket motors there are no clear cut or well founded 
methods to evaluate quantitatively the contributions of the pro** 
pellant to the dynamic responses of the composite structure. 

In th^s eaps'' a survey the dynamic problems of wolid propel- 
lant rocket motors is presented starting from the simplest model 
thereof and proceeding, step-by-step, to the consideration of more 
sophisticated and realistic models. The consideration is restricted 
to infinitesimal deformations of propellant grains with linear 
mechanical properties Substantial progress has been achieved 
towards the solution of many important dynamical problems, 

11-066 Durelli, A J.. ''Exoenraental Strain and 
Stress Analysis of Solid Propellant Rocket 
Motors,*' in Mechanics and Chemistry of Solid 
Propellants , edited by A C. Eringen, H, Liebo- 
vntz, S. L Koh, 0 M Crowley, p. 381, 

Pergamon Press, 1957, 

A review is made of the methoas used to strain-analyze solid pro- 
pellant rocket motor shells and grams when subjected to different 
loading conditions. The review includes methods directed at the 
determination of strains 1n actual rockets and also at the deter- 
mination of strains i^i rocket models The surveyed methods 
include two- and three-dimensional photo-elasticity, brittle 
coatings, electrical strain gages, iroire, grids, etc. 


for free vibrations and for transient response to suddenly applied 
pressure Agreement is good for the ore-tei”n e/pansio'' 
excellent for the two term expansion, 

Although the equations are derived for a standard linear solid 
as well as an elastic gj'ain, calculations are performed for the 
elastic grain only 


11-068 Diil* H,, Bollard, R, J, H., Pister, K, S., 
Sackman, J. L and Taylor, R, L,. “Structural 
Integrity Studies,” HSHW Report No, 69-50-1, 
Mathematical Sciences Northwest, Inc,, 

December 1969, 

This report examines the role of structural inteonty analysis in 
engineering systems design wherein structural performance is an 
important factor, illustrates the actual role of the analyst by 
application to a solid propellant rocket motor system; and reviews 
in depth (a) numerical methods for structural integrity analysis, 
(b) response of motors to dynamic loadings, and (c) niaterial 
characterization 


11-069 Valanis K C and Liams, fi . "Studies in 
Dynamic Stresses in Themorheo logically 
^ Simple Viscoelastic Materials," A & ES 62-16, 

Purdue University, Kovember 1962. 

Dynamic stresses in linear viscoelastic elastic solids under 
non-isotheiTnal conditions are still an unexplored field. In the 
present report progress has been made by Imnting attention to 
incompressible viscoelastic materials, in the sense that volu- 
metric changes either due to mechanical forces or temperature 
fields are zero. Consequently the dynamc stresses examined here, 
arise because of the time wise variation of the mechanical forces 
(stresses) applied at the boundary. 

Consideration is limited to the configurations of the sphe*^ and 
the infinite hollow cylinder, both with polar symmetry, so that 
the dependent variables are functions of radius and time only On 
the hther hand, within this restriction, temperature fields are 
both non-homogeneous and transient in nature. 

The solutions of both problems reduce to Vol terra integral 
equations of the second kind, which can be systematically solved 
numerically without undue difficulty. 


11-067 Jones, 0 P, and Shittier, J, "A Simpli- 
fied Method for Dynamic Stress Analysis of 
Axially Symretne Solid Propellent Grains,” 

Report Wo. TOR-469 ^2dC-10) - 9, (SSD-TR-65- 
176), Ballistic Systems and Space Division, 

, November 1965 

Response to transient axially symmetric end pressure of a finite 
length hollow circular cylinder with a fixed outer surface is 
considered. Axially synwetne thickness shear motion is assumed 
predominant and a correspondingly simplified equation of motion 
is derived It is found that, for forced motion problems, con- 
siderable simplification is obtained if, instead of solving the 
equation of motion exactly, one uses Galerkm's method- Dne and 
two term Galerkin expansions are compared with exact solutions 
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11-070 Williams H L. and Arenz, R, J,; ''Dynamic 

Analysis in Viscoelastic Media,” GAICIT SH 62- 
38, California Institute of Technology, 

August 1962 

Distinguishing characteristics of viscoelastic media are reviewed 
with special reference to dynamic stress analysis. To cih;umvent 
the inherent computational difficulties in the usual transfor m 
typo of solutions, on extension of tho Schnpciy mothod is pro- 
posed for approximating the viscoelastic strain distribution due 
to wave effects From an experimental standpoint, the use of 
photoelastic materials to model the responses due to dynamic 
loading is discussed It is emphasized that quantitative analysis 
depends upon knowing the birefringence as a function of a strain 
rate and temperature The association of the stress and strain 
optic coefficients to mechanical properties is derived and sugges- 
tions are made as to the determination of material characteriza- 
tion as a function of reduced strain rate. 



n-071 Bornste^Ot G A , Schcipery» R A and Robinson, 

E, W ''Simulation Tests and Analytical 
Methods for Predicting the Vibrational Response 
of Air-Launched Rocket Motors,” Report Ko 
ES2-24-3-71, Naval Ordinance Station, April 
1S71 

The objective of this work is to generate needed vibrational 
analysis techniques for Navy air-launched solid propellant rocket 
motors. The work includes (1) developing simulation tests to 
obtain data for use in vibrational analysis, and (2) establishing 
analytical procedures necessary for the successful application of 
these data. 

The present report develops the underlying theory for the vibra- 
tional experimental designs (polyurethane cylinders), 

11-072 Bornstein, 6. A., Schapery, R A. and Upton, 

L,: "Simulation Tests and Analytical Methods 

for Predicting the Vibrational Response of 
Air-Launched Rocket Motors,” Naval Ordinance 
Station, duly 1971. 

The objective of this work is to generate needed vibrational 
analysis techniques for Navy air-launched solid propellant rocket 
motors. The work includes (1) developing simulation tests to 
obtain data for use in vibrational analysis, and (2) establishing 
analytical' procedures necessary for the successful application of 
these data. 

Vibration testing of analogue motors has begun, A computer program 
has been written, which calculates the results of the theoretical 
analysis for a massless hollow viscoelastic cylinder with an 
inertial rod- 

The theoretical groundwork has been worked out for prediction of 
the vibrational response of the cylinder model. 

11-073 Bornstein, G. A.; "Simulation Tests and 

Analytical Methods for Predicting the Vibra- 
tional Response of Air-Launched Rocket Motors," 
Naval Ordinance Station, November 1971, 

The objective of this work is to generate needed vibrational 
analysis techniques for Navy air-launched solid propellant rocket 
motors. The work includes (1) developing simulation tests to 

obtain data for use in vibrational analysis, and (2) establishing 
analytical procedures necessary for the successful application of 
these data 

The observed vibrational response of the analogue motor has been 
compared with contputer predictions with good results The complex 
shear modulus of a small sample of polyurethane was measured and 
the values used as input for the computer programs. The agreement 
between the analytical prodtction (using small-samplo data) and 
“full scale" tests demonstrates the feasibility of the approach 
for larger motors. 

11-074 Bornstein, G. A,, ''Simulation Tests and 

Analytical Methods for Predicting the Vibra- 
tional Response of Air-Launched Rocket Motors," 
Naval Ordinance Station, Januaiy 1972. 

The objective of this work is to generate needed vibrational 
analysis techniques for Navy air-launched solid propellant rocket 
motors. The work includes (1) developing simulation tests to 
obtain data for use in vibrational analysis, and (2) establishing 


analytical procedures necessary for the successful application of 
these data. 

The complex shear modulus has been measured at 77®F for SPLf-lC 
(Sidewinder) propellant, a composite AP-Al -binder type material, 

An improved computer program was used to predict the vibrational 
response of an analogue motor using this propellant. 

1 1 -075 Anon* "Structural Vibration Prediction," 

NASA SP-8050, dime 1970. 

This monograph is concerned with the determination of the space- 
vehicle structural vibration resulting from induced or natural 
environments, and with determining internal structural loads and 
stresses caused by such vibrations. The vibration sources are 
assumed to be described adequately; the -content of the monograph 
Is therefore an assessment of analytical and experimental methods 
of determining the resulting vibrations, and Internal loads and 
stresses, and an enumeration of means of demonstrating the validity 
of these data 


11-^076 Wagner, F. R. • "Solid Load Definition Study* 
The Vibration Environmont." AFRPL-TR-68-140, 
University of Utah, January 1969, 

This study was initiated to investigate the rationale behind 
present load determinations and specifications for solid propel^ 
lant rocket motors As a point of departure, special emphasis 
has been focussed upon inte»*actions between the viscoelastic 
solid propellant gram and us housing when the motor assembly 
is subjected to a vibration environinent The vibration environ- 
ri)ent was selected for this study since it is the load which has 
the greatest uncertainty associated with it, and it is a load for 
which significant amounts of development funds and time have been 
expended in order to achieve a satisfactory design, 

11-^077 Bushnell, 0 * "Axisynmetric Dynamic Response 
of A Ring Supported Cylinder to Time-Dependent 
Loads," AIAA Paper No, 66'83, AIAA 3rd Aero- 
space Sciences Meeting. New York, January 24- 
26. 1966. ‘ 

Hamilton's principle is used to derive differential equations of 
motion ano’ boundary conditions for cne axisyTOietriu free vibra- 
tions of a pre-stressed, core-supported cylindrical shell, rinq- 
stiffened at one end and simply supported at the other The core 
carries no shear stress and produces a normal pressure on the 
shell proportional to the radial displacement A digital computer 
program computes the free vibration characteristics and model 
stresses for any desired range of the eigenvalue, which is the 
square of the normalized angular frequency, and the dynamic re- 
sponse to any axi symmetric time-dependent toad is calculated in a 
subroutine of this program Numerical examples are given in which 
the dynamic response to a unifom unit d me ns i unless radial 
impulse IS determined In the early time response under such 
loading most of the shell moves inward uniformly, and an edge 
effect propagates into the shell from the boundaries. High 
moment resultants at the juncture between the shell and ring 
fniTiGdiatoly after the loading is applied are generated by the 
rotatory inertia of the ring The convergence of all of the 
response quantities is found to be adequate 
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ii-U/5 Lecming, ]\ , wniiams, M L , FUzgeiald, 

J. E., Bollard, R 0, H,, Pister, K S., 

Knauss, W G, and Schaper^', R A "Solid 
Propellant Structural Test Vehicle, Systems 
Analysis and Cumulative Damage Program,^' 
AFRPL-TR-68-130, Lockheed Prooulsion Co. 

October 1968 . 

This repor t covers a one year program of work concerned with the 
development of instrumented Structural Test Vehicles (STV's), 
studies related to damage accumulation with propellants and studies 
of systems analysis as aippHed to solid propellant motor design 
Section 2 of this report details the experimental propellant 
characterization tests earned out at LPC Stress relaxation 
and fialure data are given as well as the effects of storage on 
the propellant properties Section 3 considers STV design and the 
Instrumentation problem areas. Various stress^strain sensors 
and gage calibration procedures are reviewed Experimental bore 
strain and case-grain stress data are given. Section 4 details 
the analytical work performed for the STV configurations and the 
gage-grain problem area Two new computer programs are given and 
the problems of material non] mean ties are reviewed Also, experi- 
mental STV stress-strain data are compared with the analytical 
predictions Section 5 is concerned with two areas related to 
cumjlative damage (1) the use of propellant volumetric dilata- 
tion -as a damage index and (2) the calculation of transient thermal 
stresses The experimental volumetric dilatation data suggest 
dewetting is a stress determined phenomenon Transient thermal 
investigations are discussed and it is shown that experimental 
data do not agree with the predictions Further work is indicated. 
Section 6 illustrates the technique for using a systems analysis 
approach to rocket motor structural design problems by means of a 
specific example Further uses of the systems approach for motor 
design optimization are discussed 

11-079 Leeming, H.. "Solid Propellant Structural 
Test Vehicle and Systems Analysis," Special 
Report 966-S-l, Lockheed Propulsion Co,, 

June 1969. 

This special report summarizes the progress made in the Struc- 
tural Test Vehicle and Systems Analysis program by the end of 
March of 1969 The intention is to present tht experimental and 
analytical STV data currently available and to point out 4 japs in 
the infomation that will have to be filled during the current 
year’s work. 

Similarly, the progress in gage design and evaluation techniques 
is reviewed 

Finally, a brief outline is provided of the proposed work plan for 
the remainder of the program, 

11-080 teeming, H,, Vhlliams, H L,, Fitzgerald, d, E,, 
Bollard, R 0, H,, Pister, K, , Schapery, R A,, 
Knauss, W G., and Noel, d . "Solid Propellant 
Structural Test Vehicle and Systems Analysis," 
AFRPL-TR-70-10, Lockheed Propulsion Co,, 

March 1970 

This report covers the second year of a program for the development 
of instrumented Structural Test Vehicles (STV’s) and systems 


analysis for solid propellant motor design The work follows 
that described in AFRPL-TR-68-130 This report supplements and 
uses data given in that earlier report. Additional data for oo64- 
61E propellant. Soli thane 113 elastomer, and a new inert propel- 
lant are detailed Tne problems of STV grain analysis, gage- 
grain interaction, and gaqe output interpretation, i.e,, calibra- 
tion techniques, also are covered Nonisothermal grain analysis 
remains the largest problem area. Failure prediction for STV's 
and inert analog motors is discussed. Predictions are based on 
conventional techniques, fracture mechanics, and cumulative damage 
approaches 

STV test data are presented for isothermal pressurization, slow 
cooling and heating and transient or temparature cycling con- 
ditions. Data include failure tests on STV’s and inert analog 
motors. Details of a new STV also are presented. The data are 
compared with analytical predictions to show that despite improved 
analyses and extensive propellant characterization, predictions 
of gram stresses and failure leave much to be desired Further 
work is described on methods of applying systems analysis to motor 
design 


11-081 * "Dynamic Characterization of Solid 

Rockets," Report Ho 73W-00271, IBM, Federal 
Systems Division, September 1971^ 

This report describes a study task dealing with the structural 
dynamics of solid rockets The method used in gaming background 
material and the use of this material in evaluating the struc- 
tural dynamics of the SRB are described Propellant modes which 
are self-excited are analyzed in detail. The necessity of test- 
ing propellant modes is established and the requirements for this 
test are described, 

11-082 Parr, C, H,: ’’The Application of Numerical 
Methods to The Solution of Structural Integ- 
*rity Problems of Solid Prooellant Rockets." 
Feature Article, Solid Rocket Structural 
Integrity Abstracts , California Institute 
of Technology, Vol, 1, No, 2, pp 1-56, 
October 1964. 

This article reviews and documents the application of numerical 
methods by high speed digital computation to the problems of 
stress analysis of solid prone ilant grains One feature ot the 
review ■article is a collection and description of a large number 
of computer programs pertaining to solid rocket structural 
analysis 

11-083 Hilton, H, H,. "A Suinnary of Linear Visco- 
elastic Stress Analysis," Feature Article, 
Solid Rocket Structural Integrity Abstracts, 
California Institute of Technology, Vol 2, 

No. 2, pp. 1-56, April 1965 

This article briefly suirnianzes present developments in linear 
viscoelastic stress analysis as they affect solid propellant grain 
analysis. 





11-084 rilUon, H- K, ’'An Introduction to Visco- 

Elastic Analysis,” in Engineerintl Design 
for Plastics. , pp 199-276, Reinhold Publish- 
ing Corp., York> 1964 


II-084A Parr, C H "The Application of Nunjcn cal 
Methods to The Sol u I ion of Structural Integ- 
rity Problems of Solid Propellant Rockets -II," 
UTEC SI 67-001, University of Utah, January 
I9C7 

This survey supplements the previous survey written two years 
earlier and documents the progress and computer programs developed 
during the intervening period. 

11-085 Anderson, J, M,: "A Review of The Finite 

Element Stiffness ftethod as Applied to Propel- 
lant Grain Stress Analysis," Feature Article, 
Solid Rocket Structural Integrity Abstracts, 
University of Utah, Vol ► 6, No, 4, pp. 1-54, 
October 1969 

The underlying theory for the finite element stiffness method 
Is reviewed in this article. The emphasis is on linear, elastic 
solutions. Specific element formulations are described in some 
detail with emphasis on behavior for Poisson's ratio near 0.5, 


The handbook is a comprehensive textbook type presentation of 
methods for structural analysis of solid propellant grams, 
Discussions of the accuracy and range of applicability conven- 
tional methods of analysis are provided A critical re-c’tami- 
nation of current methods t made and much emphasis is given to 
experimental verification of anal>sis methods. 

11-089 Malone, D W and Connor, J. J. "Finite 
Elements and Dynamic Viscoelasticity," 

J of Engin e ering Mechanics Pivisio n. ASCE, 

EH4, pp 1145-1158, August 1971 

A direct numerical approach, based on the finite element nethod, 
is proposed for deter/iuning the transient dynamic response of 
structures or bodies containing linearly viscoelastic materials. 

11-090 Robertson, S R.J ’'Using Measured Material 
Parameters in Solving Forced Motion Problems 
in Viscoelasticity," J. Sound and Vibration , 
Vol. 19, pp, 95-109, 1971. 

A method is given for handling forced motion problems in visco- 
elasticity v^hen experimental data i$ used to represent the material 
data instead of a model A cubic spline senes is used to Inter- 
polate between data points and thus to represent the data in a 
logical fashion that c <- 1 be handed analytically. The solution 

i 

to the time part of the problem Is found in terms of the Laplace 
transform which is Inverted numerically. 


11-086 Hufferd, W, L. and Fitzgerald, J. E,, eoitors* 
"Solid Propellant Structural Integrity Hand- 
book," CPIA Publication No 230, The Johns 
Hopkins University, Septerabeir 1972. 

The dANNAF Solid Propellant Grain Structural Integrity Handbook 
provides, in revi sable and expandable form, the most currently 
acceptable methods for predicting the structural integrity of 
solid propellant rocket motor grains. 


11-087 Anon.: "Solid Propellant Structural Integrity 
Analysis," NASA SP-8073, 1970. 

This monograph reviews and assesses cunent practices and provides 
guidance in the stress analysis of solid propellant grams 
Sections of the monograph are concerned with state-of-the-art, 
design criteria, and recomsnded practices Ham sections are 
gram geometries, propellant property characterizations, specific 
loadings, stress-strain and displacement analysis techniques, and 
failure analysis 


11-088 Fitzgerald, J. E. and Hufferd, W L.‘ 

"Handbook For The Engineering otra^tura*' 
Analysis of Solid Propellants," 
Publication No. 214, The Johns Hopkins 
University, Hay 1971. 
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11-091 Frcudenthal, A, M, and Henry, L. A,; "One 
Di’^ensional Response of Linear Viscoclasttc 
Media." Tech. Report No. ^2, Columbia Untver- 
, sity, Juno 1961, 

In the present invcstigattoi the response of compiessfble linear 
viscoelastic media under a stationary state of smal Samplitude 
oscillation IS analyzed with the help of complex moduli and compli- 
ances as well as of tne complex Poisson ratio functions, It is 
easily shown that the relotively share differentiation between 
the simple types of viscoelastic response in shear vanishes as 
soon as the assumption of incompressibility is abandoned, 


11-092 Lee. E, H '^Viscoelastic Stress Analysis," 

in Structural Mechanics, edited by J. N, 

Goodier and N, J Hoff, p, 456, Pergampn 

- Press, 1960, 

The need for the application of viscoelastic stress analysis in 
order to include the influence of time effects in material behavior 
is pointed out, and features of the resulting variation of stress 
distributions which are in marked contrast to results of elastic 
analysis are detailed It Is shown that while many asoects of 
linear theory have been developed to enable technologically 
important stress analysts problems to be solved further develop-* 

ments are needed for the comolete solution of design problems on 

♦ 

v^-oroeucbility of the 
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this basis. In particular, methods of accurate measurement of 
viscoelastic material properties for combined stresses are lack- 
ing Tbe relations between forms of representation of biscoelastic 
behavior are discussed, and also their Influence on the methods 
of attack on stress analysis problems Simple practical tests 
for viscoelasticity and linearity are- suggested. The influence 
of temperature variation and the development of nonlinear theory 
are mentioned briefly , 


n-093 


Hoskvitln, V, V , “The Strength of 
Viscoelastic Materials As Applied to 
Changes of Solid Propellant Rocket Engines," 
FTD-MT-24-71-1-73, Foreign Technology 
Division, Air Force Systems Command, October 
1973, 


General theoretical onnciples and methods ot staging and solving 
problems dealing with dctciTni nation of the stresses and strains 
and analysis of the strength of load-bean ng structures 'made of 
polynenc materials, particularly solid-propel lant rocket engines, 
are given. Certain specific solutions which can be used in 
practical calculations, are also presented 
The first four chapters of .this monograph present information 
from the mechanics of continuous deformable media The use of 
relationships from the linear theory of elasticity is stipulated' 
‘by the fact that the corresponding solutions are studied in a 
great many cases for constructing ’solutions in the viscoelastic 
case 

In th«» chapter or the defomation of viscoelastic media various 
equations of state are presented as well as methods for determin- 
ing the functions and constants, and methods for solving 

the approoriate problems Specific questions discussed here 
incTude* the deformation of media those equations of state take 
into consideration the influence of the form of the stressed 
state, hereditary defomation of media with consideration of tne 
influence of the degree of accumulated damage, simple loadings 
for linear and nonlinear viscoelastic media, statement orob- 
lems on determining the stresses that arise during polymeriza- 
tion of the material of a viscoelastic structure, generalization 
of the Bailey principle, etc 

All subsequent chapters are devoted primarily to solving specific 
problems Problems' on the effect of pressure, determination of 
thermal sti esses, and deformation of structures during overloads 
and under prolonged storage conditions are examined Also, 
certain problems on dynamic loadings and specific problems on heat 
formation with a cyclic change in external loads and determina- 
tion of the limiting states with a cyclic change In temperature 
are discussed 


11-094 


Levy, A,, Zalesak, J., Bernstein, M, 
and Mason, P. W,: "Development of 

Technology for Modeling of a 1/8- 
scale Dynamic Model of the Shuttle 
Solid Rocket Booster," NASA CR-1 32492, 
Grumman Aerospace Corp. , July 1974. 


This report describes a NASTRAN analysis of the 
solid rocket booster (SR8) substructure of the space 
shuttle 1/8-scale structural dynamic model. 


TT HOC Anon* "Dynamic Analysis of the Solid 
li-uyo Rocket Motor For the Space Shuttle," 
IBM Federal Systems Division, Hunts- 
ville, Alabama, July 1975 

Analyses were conducted on three different analyti- 
cal models of the Space Shuttle Solid Rocket Motor 
(SRH) to show the effects of various degrees of 
modeling complexity on the results. Analysis was 
also conducted on a short test segment of the SRM, 
with and without a test fixture, to evaluate the 
longitudinal dynamic characteristics of the test 
segment and to demonstrate the feasibility of deter- 
mining these modes by testing with a 100,000 force- 
pound vibration exciter. 
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III. REPRESENTATION OF DYNAMIC PROPERTIES 
AND THEORETICAL DEVELOPMENTS 


A-33 



Hilton, H H. "Analytical Determination of 
Generalized, Linear Viscoelastic Stress-Strain 
Relations from Umaxiali Biaxial, and Triaxial 
Experimental Creep and Relaxation Data, " 
Technical Memorandum No, 180 SRP, Aerojet- 
General Corporation, Solid Rocket Plant, Sacra- 
mento, California, December 1961 
Analytical relations and procedures are formulated for the 
determination of linear viscoelastic stress-strain relations 
from actual creep and relaxation data. Umaxial, biaxial, 
and triaxial experimental conditions are interpreted interms 
of the fundamental dewatoric and volumetric stress-strain 
laws in either the general differential or integral forms 
The analytical results are applied to some uniaxial and bi- 
axial relaxation data for solid propellants and material pro- 
perty constants are computed for four, five, and six, para- 
meter generalized Kelvin models 


1 1 1-002 Smith, T, L. "Approximate Equations for In- 
terconverting the Various Mechanical Proper- 
ties pi Linear Viscoelastic Materials " Trans- 
lation of Society of Rheology II, 1958, pp 131-51, 
Approximate equations are given for interconverting the 
storage modulus G', the loss modulus G", and the stress 
relaxation modulus G(t) by using the relaxation spectrum H, 
and similarly for interconverting the storage compliance J”, 
the loss compliance J", and the creep compliance J(t) by 
using the retardation spectrum L. Approximations to the 
exact equations of Gross arc also given for interconverting 

H and L, All approximate equations are based on the as- 
sumption that H := kr ^ and L = gr” over a relatively narrow 
region of the time-scale. To indicate the accuracy of the 
approximate equations, calculations were made using pub- 
lished data on the NBS polyigobutylene 


HI-003 Schapery, R, A. "A Simple Collocation Method 
for Fitting Viscoelastic Models to Experimental 
Data " GALCIT SM 61-Z3A, California Insti- 
tute of Technology, Pasadena/ California, Feb- 
ruary 1962, 

An easily applied collocation method is discussed for fitting 
the response of finite-element viscoelastic models to exper- 
imental stress-strain curves. It can be used with creep, 
relaxation, and steady-state oscillation data. The method is 
illustrated by means of two examples. As the first one, a 
model IS obtained utilizing the dynamic shear compliance of 
polyisobutylene. In the second example wc calculate a model 
from the tensile relaxation modulus of polymethyl methacry- 
late. With each case the modePs response agreed with the 
experimental data within graphical accuracy over the entire 
frequency (or time) scale 


I II -004 


Biot, M, A, "Dynamics of Viscoelastic Aniso- 
tropic Media." Proceeding* of the 2nd Mid- 


western Conference on Solid Mechanics, 1955. 
New principles are introduced for the formulation of dynam- 
ic problems in viscoelasticity for the most general case of 
anisotropy. One is a variational principle derived from 
Irrevorfeiblc thermodynamics i he other a corresponds ucc 
principle between viscoelasticity and elasticity Applications 
to the dynamics of viscoelastic plates and rods are developed 
as examples. The variational principles are applied in con- 
junction With a very general method of approximation by 
expanding the deformation in a power scries across the 
thickness. The method is applicable to viscocUTStic shells 


The concept of partial mode as a generalization of that of 
vibration mode for the elastic case is also introduced. 


IH~005 Williams, M, 1, » "The Structural Analysis of 
ViscocUstlc htatcrials." AIAA Journal, Vol 2, 
No. 5, May 1964, pp. 785-809 
In. a paper several yefirs ago, the author discussed certain 
background materials relating to the strain analysis of visco- 
elastic solid propellant grains. At that time it was indicated 
that the engineering stress analysis of viscoelastic materials 
was relatively new. Hence after reviewing certain basic 
principles of mathematical representation of the material be* 
havior, the differences between elastic and viscoelastic 
stress analysis, and failure behavior as a function of the ap- 
plied strain history, it was recommended that increasing 
effort be directed toward developing techniques which could 
be incorporated into future designs in order to more closely 
evaluate the structural integrity with a consequent decrease 
in cost and increasing reliability Since that lime there has 
ndeed been considerable effort devoted to this subject and 
It Is felt appropriate to review this progress particularly as 
iIjc engineering analysis of viscoelastic rnateiials is not 
'Kjccssarily restricted solely to solid propellant rocket 
motors. 

This paper therefore first presents a summary of methods 
of material characterization especially in terms of the 
broadband responses of the relaxation moduli and creep 
compliances as a function of reduced strain ratei second, as 
most stress analyses of linear viscoelastic materials have 
been based upon the "correspondence rule" relating to an 
associated elastic problom obtained by Laplace transfornria- 
tion, the alternative of exact and approximate inversion 
techniques are explored. 

HI-006 Lockett, F. J. j Curtin, M. E. 5 "Frequency Re- 
sponse of Non-Linear Viscoelastic Solids." Tech- 
nical Report No. 7, Cl 1-90, Brown University, 
March 1964, Contract Nonr 562(30)/?, 
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Hunter, S C "Possible Equations to 3 Dg- 
scribu Transient Stress, Strain and Tempera- 
ture Fields in Viscoelastic Solids*" Brown 
University* Technical Report No Z* I960, 
Contract Nord- 18594/2 

The purpose of the present Investigation is to derive a com- 
plete set of equations governing the propagation of stress, 
strain and temperature transients in viscoelastic solulff 
While the analysis is undertaken within the framework of 
the usual assumptions of linear viscoulafa ticily, Iho inclus>ion 
of temperature variation cr^ails non-linear equations. 

The propagation of s^ear and dilational waves is investigated 
in a linear approximation whose range of validity is ascer- 
tained, thermomechanical effects appear to be mo re* severe 
than in the corresponding elastic problem 


Glaus, R D* • "The Viscoelastic Vibrating Reed," 
Technical Report No 4, Brown University, PA- 
TR-4/22, May 1953, Contract Nord 11496. 

The amplitude of vibration of a viscoelastic vibrating reed « 
ylth a mass ^tached ro the free end is found for a general 
linearly time dependent strcas-atraln law The particular 
case of zero mass and a Voight stress-strain law is consi- 
dered in greater detail with tables and formulas developed 
for obtaining the complex modulus and physical constants 
The use of the complex modulus in fitting experimental data 
with a stress-strain law is discussed. 


1 1 1-009 Bland, D R , Lee, E H "The Calculation of 

the Complex Modulus of Linear Visco^Elastic 
Materials from Vibrating Reed Measurements." 
Technical Report No 9, Brown University, PA- 
TR/9, January 1955, Contract Nord 11496 
Two methods of deternumng the variation of real and com- 
plex-modulus with frequency from vibrating reed test results 
are detailed One is based on measurements of the relative 
amplitude and phase lag of the motion of the free and driven 
ends erf th^! reed» the other on amplitude resonance’'measure- 
meiua only The analysis is based on a general linear visco- 
elastic law, and takes into account the Influence of the fre- 
quency dependent moduli of ilie material on the frequency 
and amplitude of the resonance peaks This influence has 
not been correctly accounted for in previous analyses which 
have included the assumption that the material behaves ac- 
cording to a particular sample vlaco-clastxc law, v/hicK will 
in general not be borne out by the final results 
The method is applied to a scries of tests For the mater- 
ial and frequency range used the imaginary part of the com- 
plex modulus was small compared with the real part, and 
the influence mentioned above was small A simpler me- 
thod of analysis might thus be justified, but m ocher cases 
it will be necessary to carry out the complete analysis in 
order to obtain a satisfactory interpretation of tests results 
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III-010 


Achenbach, J D , Chao, C C. : "A Three- 
Parameter Viscoelastic Model Particularly 
Suited for Dynamic Problems" J Mech 


Phys. Solids, Vol 10, 1962. pp. 245-252. 

In this paper a stress-strain relation is proposed for a 
linearly viscoelastic solid of the three-parameter type. The 
mechanical model representation includes a mass. An 
analysis of the creep function and the clastic modulus shows 
the similarity of these functions with those of the standard 
linear solid. As opposed to the stress -strain relation of 
the standard lincai solid tlic present relation leads to sim* 
pic solutions of dynamic problems A wave propagation 
example is treated 


Ill'-Oll Hunter, S C.‘ "Tcntaiivo Equations for the 

Propagation of Stress, Strain and Temperature 
Fields m Viscoelastic Solids " J, Mcch. phys 

Sohds, Vol. 9, 1961, pp 39-51, 

A thermodynamic analysis of the "thermo-rheologically" 
simple solid proposed by Schwarzl and Stave r man (1952) 
leads to a set of thermomechamcally coupled cquauons for 
the propagation of stress, strain and temperature fields m 
viscoelastic solids. The propagation of harmonic dilational 
waves is investigated m a linear approximation whose range 
of validity IS ascertained, thermomechanical coupling effects 
appear to be more sevcic than for clastic solids. 


Snowdon, J.C. "Representation of the 
» Mechanical Damping Possessed by Rubberlike 

Materials and Structures. " J. Acoust Soc. 
Am., Vol 35, June 1963, pp. 821-829. 
Discussed in detail is the manner m which U>e damping pos- 
sessed by rubberlike materials and structures experiencing 
sinusoidal vibration may be represented by the ratio of the 
imaginary to the real part of a complex elastic modulus 
Examples are given of the way in which the damping pos- 
sessed by Tow- and high-damping rubbers depends on fre- 
quency Equations that predict the response to vibration of 
distributed systems, such as damped rods and beams and a 
simple structure comprised of two damped beams and a 
lumped element of mass arc derived. Representative com- 
putations of input impedance and transmissibility are pre- 
sented. 


III-013 


Cost, T. L. "Approximate Laplace Trans- 
form Inversions in ViscoclnsUc Stress 
Analysis " AlAA Journal, Vol. 2, No. 12, 
Dt-comber 1 96-1, p 21 57. 

An investigation was made of approximate methods for 
inverting Laplace transforms that occur m viscoelastic 
stress analysis when usu is made of the olastic-vjscoelastic 
analogy. Alfrey>s and ler Haar's methods and Schapery's 
direct method vMMt i x.umni d md shown to ht special 
cases of a general inversion fornaula due to Widder. 
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Schapery^a least squares method and several techniques 
based on orthogonal function theory wt also txamined 
Viscoelastic solutions to two proliKins involving dt forma- 
tions and stresses in solid propt-lJctnt rocket motors under 
axial and transverse acceleration loads were obtained by 
us^e of several of the methods discussed. The problems 
were typical of the type where the associated elastic solu- 
tion is known only numerically The use of the orthogonal 
polynomial methods la explained in detaih and the limita- 
tions discussed. From the investigation described, it was 
concluded that Schapery's direct method and ter Haar's 
method generally give good results w*hen applicable Wid- 
oerU general inversion formula, which includes Alfrey's 
method as a special case, is not useable for tht type prob- 
lems of interest here. Although the orthogonal polynomial 
methods possess characteristics lhat make them especially 
suited to the type problems considered, their use appears 
limited by severe computational difficulties. Schapery's 
least squares method gives good results to most problems 
of interest. 


ca««'S, the vi*!cm la«?Uc half-space iiid acmi-infiinii thin 
plnU auhjtilifl <ui Hio up]>i r surfntc to tho sliad> nnuion 
of d step pressure load moving supersonically rclati ^ to 
any wave spce<l in the matt rial. 

ni-016 Porclval, r M "Intcrcnnverslon of VIhco- 

cJascic Material Properties for Minutenan 
Stage III Propellants," Task 9 Hinuteman 
Support Program, Hercules Powder Co., Magna, 
n.ih, iopncniber, 1^63 

Tills document desorlbos an analytical procedure which 
can he used to oxt<nd the known ranges of the stress relaxa- 
tion modulus and the complex dynamic moc|ultis of linear 
viscoelastic nateriais The technique rukea use of the 
digital computer to evaluate numerical approximations of the 
expressions relating the various material properties. This 
repot c includes a discussion of the Intorconverslon procedure 
and gives i presentation of stress relaxation and dynamic 
material properties for C^H and EJC propellants. 


Arcn7, 'I J 'Theor< lical and Experimental 
Studies of Wave 1 ropagation in Viscuclaslic 
Mati rials ■» Dissertation, GALClT SM 63^4) . 
Caliiornia Institute of Itrhnology, Pasadena, 
California, 1964. 

The phenomenon of wave propagation in viscoelastic 
materials if> luvobligatc tt both lhei»n lically and experimen- 
tally, with attention diri cted to iv'o .iroas. P irot, analyt- 
ical methods of solution arc dts<l« \> d for certain wavt 
propagation problems in <>ne ami I wo dimensions ulilt^ing 
realistic material properUts Ihis is ^ccomplislicd by 
use of time-dependent material property charactcri/tition 
through a Dirichlct senes rt.prc3ciitation to overcome th^ 
hrmtations of the widely-used simple spring and dashpot 
models involving two or three cKm< nls. The Liplacc 
transformed solutions are then inverted by an extension of 
the Schapery collocation method to dynamic situations. 


III-015 Arenz, R. J, •'Two-Dimensional Wave 
Propagation in Realistic Viscoelastic 
Materials " GAJL.C1T SM 64-1, California 
Institute of Technology, Pasadena, Califor- 
nia, January 1964 Paper No. 64-WA/APM 
-13, presented at Annual Meeting o( ASME, 
November 29-Docember 4, 1964, New Tork, 
to be published in Journal of Appin'd 
Mechanics. 

A solution method using realistic (broad-hand) visco- 
elastic response characteristics covi ring approxnu„u ly 
ten decades of logarithmic time is presented for wjvi. 
propagation in two-dimensit>nal geometries A Prony 
series representation of the viscoelastic mechanical prop- 
ertics.^nd a numerical collocation inversion procedure 
overcome many of the computational difficulties associated 
with the LfSplace transform approach to dynamic linear 
viscoelasticity and also afford a complete time solution. 
Stress distributions are given for two complcmt ntary 


III-017 Cose, ThO‘nas L , Becker, Eric B "The 

MuXtldaca Metliod of Appxoxlnatc Laplace 
Transforn Inversion," Special Report No 
S-51, Roiin S Hans Corrpany, Redstone Arsenal 
Research Division, Huntsville, Alabama, 
^icptembcr 7, 1965 (Contract No DA-01-021 

A newly developed approximate Laplace tran'jforn Inversloi 
method is describui A derivation of tlie method, termed the 
"multi-data method," is presented along with a derivation of 
Schapery's collocation neCliod Similarities and differences 
between the two mt-cliods are described and discussed RosuXes 
of parameter srudles of both methods are presented which 
denonstrate the sensitivity to error displaced by Che 
collocation method and the improved accuracy obtainable with 
Che multidata method as compared with the collocation method 
when errors exist In the function to be inverted Computer 
program listings and operating instructions for both mothoda 
are presented 

III-018 Chae, Yong Suk: "Viscoelastic Propertli 
of Solids as Specified by Their Depeodet 
on Frequency," Paper presented at the F: 
U S National Congress of Applied Hechai 
June 1966, (abstract only in Proceed iuRi 
The frequency dependence of dynamic properties of the 
viscoolTStlc solids Is studied theoretical Iv based on the 
principles of linear vlscoeinsticily The variation of con 
plex dynamic moduli, viscosity, and the loss factor with fi 
quency Is evaluated under an assumption of linearity In th< 
distribution function of creep curves, and the effects of 
time limits arc studied in detail* It Is quite evident th< 
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the relaxation characteristics could have been used just as 
well, but the use of creep function as basic data was pre- 
ferred because the detenaination of the relaxation character- 
istics lsi usually more difficult* It is also shown that as 
'^ar as small deformations are concerned the dynamic moduli 
)r compliance vs. frequency curve provides a description of 
all the mechanical properties of a viscoelastic material* 

^'ases of non-linearity, when defomations are large, are dis- 
ussed briefly 

Employing a newly developed technique of determining the 
dynamic response of materials, which enables one to obtain 
the test results at any desired frequency Including resonance, 
experimental results are obtained from steady-state vibration 
over a large range of frequency It is shown that the theory 
developed is approximately obeyed by the test results on 
snow, but the deviation from the theory is noted for the soil 
(Ottawa sand) used In general, the dynamic moduli of both 
snow and soil Increase slightly with frequency, the dynamic 
viscosity shows a decrease, and the loss factor remains more * 
or less constant with frequency This study shows that the 
relation of dynamic properties to frequency can be used to 
specify the viscoelastic properties of a material, and that 
the results from creep and vibration tests can be correlated 


‘ Gatlgnol, Philippe "Propagation of Sinu- 
soidal Vibrations in Certain Viscoelastic 
Media," Academie des Sciences (Paris), 
Comptes Rendus , Vol 261, No 1, July 5, 
1965, pp 45-A8, (in French) 

Description of a method for evaluating and defining the 
four velocities observed when a forced sinusoidal vibration 
propagates through a linear, viscoelastic mediun These vel- 
ocities are the wavefront velocity, the precursor's maximum 
velocity, the phase velocity with which the vibration is 
propagated, and the speed at which the amplitude of the vi- 
bration becomes preponderant The waveform can be derived 
from the values for these velocity terms. 


show that. In general, for motions which are noltlier rota- 
tional nor solenoidal, this correspondence exists onlv for 
the restricted class of viscoelastic materials for whi^h the 
behavior depends essentially upon one relaxation function 
We conclude wi tli the observation that the correspondence also 
exists for those approximate theories In which there appears 
only one relaxation function. 


III-021 


Scruik, L C £. "Free Damped Vibrations 
of Linear Viscoelastic Materials,” RVieol 
Acta* Vol 6, 1967, pp 119-129. 


For linear viscoelastic materials possessing a positive 
discrete relaxation spectrum, a careful discussion is given 
the theory underlying methods of determining the complex 
dynamic modulus (as defined for undamped sinusoidal oscilla- 
tions) from the observed frequency and logarithmic decrement 
for free damped oscillations when the material is combined 
with a specified inertia 


XII“0Z2 Davis, Julian L » "Dynamical Aspects 

of Viscoelasticity," Sacicty of Rheology . 
Transactions . Vol 10, part 2, 1966, 
pp ^49-65 

This paper is concerned with some aspects of the dynamic 
rf'ponse of a three-dimensional linear viscoelastic medium 
t ^ prescribed boundary conditions The constitutive equations 
<presscd in operator forn, nre applied to a three-dimensional 
continuum and are combined with the equations of motion to 
yield a system of linear partial differential equations 
This system may be expressed in terms of a scalar and vector 
potential and parameters called ’generalised velocities cj* 
and C2*' (operators describing the properties of the medium) 
The free radial vibrations of a viscoelastic sphere and 
spherical shell are worked out for the prescribed boundary 
conditions In particular the phase velocity Is obtained 
as a function of the wave number and a complex frequency 
The wave number is obtained from the roots of a transcendental 
equation The free longitudinal vibrations of a viscoelastic 
cylinder are determined by solving the equations for the 
scalar and vector potentials with the appropriate boundary 
conditions The phase velocity Is obtained for the Voigt 
and Maxwell models In addition, asymptotic results are 
obtained uhich reduced to either the thin rod or the Poch- 
hammer approximation 


Schwarzl, F R ; "On the Interconveralons 
of the Viscoelastic Functions," Rheol 
Acta, Vol 7, 1968, pp 13-18 

The practical problem of calculating the dynamics storage' 
and loss compliance from the creep compliance is analysed. 


III-020 Fisher, George M C ; Leitman, Marshall 

J "A Correspondence Principle for 
Free Vibrations of a Viscoelastic Solid," 
Paper presented at the Fifth U S Nation- 
al Congress of Applied Mechanics, June 
1966, (abstract only in Proceedings ) 

In this note we establish a correspondence principle for 
tree vibrations in the classical lineatized theory of visco- 
elasticity We show that for motions which are either Irro- 
tatlonal or solenoldal there is always an associated elastic 
problem with the following properties (i) every mode shape 
for the viscoelastic problem xb also a mode shape for the 
elastic problem, and (11) the viscoelastic frequencies can, 
in principle, be calculated from a knowledge of the elastic 
spectrum and the relevant relaxation function We further 

UCliJL.ITf OF THE 
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III-024 Bar^. tiUI lit , G 1 cr al "Vibrailonil 

(rtip of Potyinir MaliriiK," Touriul of 

AmHud Moclnnlcs ^^ul ItcImicTi 

No 5, Si pLupjbtr-Occobi r 1965, pp 44-48 

In the mi'Lli.mics of deCurmod solids it is uMially assumtd 
that superposing snail anpluudo vibrations on a static load 
lias no effect on tht over-all clnrnt ter i st its of a material 
under strain Tills bypotlio>is is rcfliLitd in the fact tliat 
the existing equations of start for the liso of static loads 
with suporposul nail vihruions > ivi di I ormt ion clnratCcr- 
Istics vihith dilfir j.ltr£(- Iron ±lu com spond ing parimttors 
of Jl format ion proci.ssc,': taUing plact in tin. nhsoiu-t ol exci- 
tations At the same t inu. , substantial changi^ in the defor- 
natlon charier l r i st u s of a number of mattrnls are observed 
under certiin Lomhtions lUtr rlje appliLation of altcrmclng 
stresses of Sf^alJ ap'pliLudc Ri ports on studies of creep of 
metals, elasto-isers , and c one i etc have bucn published, in uhich 
the fatigue curves obtained with small vibrations superposed 
on static loads lie above curves obtained for static loads 
componding to the mixinum pulsating loid level Attempts 
have betn - idc to explain this effect from the standpoint of 
the nol t cul ir-kinet Ic and phtnomenologleal theories tor tain 
tlKoritical vons idv rat ions and expertmonnl data, discuss id 
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in this article, show time superpo-iing a smi»U ilyiiatmc com- 
ponent on a static loatl leach to an tncrcabC U\ the. rate 
or creep oi bcvoral pc^lymcr n it cr ial'< Ihi*'- winch Is 

due mainly to an inLivii>e in Liu polymer iempi.rature is a 
VLSiilt of dii>slpuLon of vibiotional cnorj^y Jitftrs from tim 
* vibration effect* observed on clasLOrntts by Sloniinskil and 
Alcksoov, in uhicli tho tempenturo rise dm to Lhu heat 
generated by vibrations plays no substantial part - 


III-QZ5 Nowackl, W R , Ranlecki» B "Remarks 

on the Solutions for Some Dy^namic Prob- 
lems ot Tlicrmo-ViscoeUstlcity»" Archiuum 
Meehan ikl Stosowanc \ ■ Vol 20, No 3, 196P 
pp 337-3^16 

description of a method for obtaining the particular 
solution of the basic equation of chcrnoviscoeUstlcity for 
a fairly broad class oC dynamic problems The absence of 
body forces and heat sources Is asbumcd , and homogeneous Ini- 
tial conditions for the temperature field and for the qi»anti- 
tlcs clnractcr izing the scram state ai e introducud Parti- 
cular •jolutlons art obtained uslu^ the clastic-vlscntlasc Ic 
analogy, and the discussion Is based on the results of Nowackl 
and Ranlocki (1967) concerning an elastic medium The pax - 
ticular solution in the space of transforms for a medium des- 
cribed with polynomial differential operators is presented 
The inverse transforms are determined for both Voipt and Ihx- 
vell Bvodols Tilt Stncrnl solution oC the oue-d Imcnsionnl 
problem for a ha If -space wilh ir arbitiary boundary condition 
‘for the temperature field is present(id 


III-026 Koscoe, R "Bounds for the Peal and 

Imaginary* Parts of the Dynamic Moduli of 
Composite Viscoelastic Systems/' lournal 
of the Mechanics and Physics of Solids , 

VoJ 17, No 1, Fcbrmry 1969, pp 17-22 

If a system, consisting of firmly bonded isotropic linear^ 
ly viscoelastic phases, behaves tracroscopically as a homogen- 
eous isotropic naccrlal under oscilUtorv deformation, upper 
and lower bounds can be set to both the real and imaginary 
parts of the compluA rigidity and bulk noduli of the systen 
These reduce to the Voigt and Rcuss bounds on the clastic 
noduli ^hen the pha'so'? ,ire purclv and to the corres- 

ponding bounds on the sheir viscosity when the phases art* 
purely vi?co«s 


III-027 Migrab, hUM^rd B , Ochanur, Donald J 

"Iransiriit Ri'sponse of a Viscoelastic 
Bii* Subjected to a Time Dependent md— 
Displacement," MAM journal of Applied^ 
Ma thematics, Vol 16, No. 6, November 
1968. 

A numerical Fourier inversion technique Is used to detern- 
ine the ernnsienc response of a viscoelastic bar rigidly 
mounted at one end and bubjecCed to i tint dependent dlsplacc- 
tncnt at its free end The displacement and stress of the 
midpoint of tlic bar are given for an end displacement: .which 
approjtlmates 1 step loading in the short time region An 
expur Imencally determined complex tensile modulus IS used to 
describe the viscoelastic material The results Indicate 
that this numerical technique Is accurate and can^ readily be 
extended to problems with a mote complicated geometry In 
. addlclon, it is shown that a distinct advantage of the tech- 
nique is chat actual maisuted viscoelastic motcrlal properties 
can be used without resorting to parametric models, I c f 
Mdxwull, Voigt 


I I 1-028 Croffl» Dirlo, "Uniqueness Theorem In the 

vc-va Dynamics of Vi«icooln<?tlc Bodies," Revgo 

Rnu*-nine do Michgnac toues Pures et AppU- 
qu4es , Vol 13, No 9. 1968, pp 1335- 
1342, (in Italian). 

Demonstration of the uniqueness theorem for the equations 
of the dynamics of viscoelastic bodies on the basis of energy 
con^deratlons The demonstration is stated to be Interesting 
from the teaching standpoint It uses considerations of 
hereditary elasticity developed by Volterra and requires hypo- 
theses that, although seeming to be restrictive from the mathe- 
matical standpoint, are hardly so Trom the physical standpoint. 


in-029 


Strulk, I C. F,, Suhwarzl, h. R 
"(oiwcriion of Dynamic Into Trnnsient I'xop- 
urCLes, And Vice Vers 'll" KheoloRiCJ Acm, 
Vol 8, No. 2, July 1969, pp. 134-141 


A short review is given of a recent theory for converting 
Into each other dynamic and transient properties of linear 
vtscoelnstic materials- The applicability is illustrated for 
a polymer In the glass-rubber transition range 


III-030- 


Goldberg, M, and Dean, N, W. "Oetsmma- 
tion of Viscoelastic llodel Constants from 
Dynamic Mechanical Propel tics*of Linear 
Viscoelastic Materials," Report No 1180, 
Ballistic Research Laboratoi les, Novenber 
1962 


A semi -analytical method of determining the generalized Voigt 
node! which represents the dynamic mechanical properties of a 
linear viscoelastic fiatenal over a range of frequencies of 
three decades is picsented This model repi escntation Is shown 
to be equivalent to the differential operator formulation of 
the linear viscoelastic stress-strain law The method is applied 
to complex creep compliarcr data for N S S polyisobutylene at 
22 different temperatures In general, the compliances calcu- 
lated from the models differ from the experimental data by less 
than 5% 

A summary of spring-dashpot model theory Is presented In Appendix 
A. The equivalence of the differenHial operator stress-strain 
relation and the generalized Voigt model Is deronst rated in 
Appendix & 


III-'031 Hopkins, I. L . "Iterative Calculation of 
Relaxation Spectrum from Free Vibration 
Data," J, Appl. Pol Sci .. Vol. 7, pp. 771- 
992, 1963. 

The complex elastic modulus G*(o}) = G'(tt)) + tG”{w) is shown to 
be a function not only of the frequency (w) but also of the damp- 
ing factor a if the strain Is of the form x = Xj^exp[-at} sin wt. 
The general equations for G*(w,a) “ G'(ti},a) + iG"(u),a) = 
are derived in terms of the relaxation spectrum The use of a 
spring to aid the specimen and reduce the ratio a/w is discussed^ 
and Its desirability demonstrated If data are thus available 
in terms of either G'((j} or G'*(w,a) the Iterated second approxima- 
tion of Ninomiya and Ferry provides a rapid and powerful nethod 
if finding the relaxation spectrum. To the accuracy to shich the 
time-temperature reduction factor dj is known or can be predicted 
by means such, for example, as the WLF equation, the function 

G"(w,a) over a temperature range at nearly constant frequency 
can be translated into terns of G’Ou.a) at constant temperature 
and vary 1 mi ficqucmy. In such cases, the lelativoly simple 
torsional pendulum, or some a.ialogue of it, can economically 
provide a charactenzation of the viscoelastic behavior of the 
material over an extended tune 01 frequency range 


A -38 



III“032 Huang, H C and Lee, E, H : ”Nonl inear 

Viscoelasticity for Short Titne Ranges," 

J Appi Hech , p, 313, June 1966, 

Approximate constitutive equations for nonlinear viscoelastic 
incompressible materials under small finite defonnation and 
for short time ranges are derived The error bound of such a 
constitutive equation is investigated. Nonlinear creep Is 
analyzed on the basis of the proposed equation, and also the 
problen of a pressurized viscoelastic hollow cylinder bonded to 
an elastic casing, Numerical solutions, evaluated by assuming 
particular forms of kernel functions in the constitutive equa- 
tion, are obtained by means of an inverse interpolation technique, 
and the effects of nonlinearity of material properties are dis- 
cussed, An expenmertal procedure is also proposed for measuring 
kernel functions from uniaxial tension tests for real materials. 


III~033 Fitzgerald, J E "Analysis and Design 
of Solid Propellant Grains," in Hechamcs 
and Chanistry of Solid Propellants , edited 
by A. C Enngen, H Liebowitz, S. L, Koh, 

J. M. Crowley, p 19, Pergamon Press, 1967 
The present paper covers in some detail several pertinent aspects 
of engineering grain stress analysis: 

(1) A brief review of linear viscoelastic theory with emphasis 
Oil time- temperature relations, (2) More details on thermal 
relations including a redefinition of Lea's reauced time para- 
meter, (3) Presentation of a master relaxation curve for typical 
84 percent solids loaded systens, (4) Discussion of relative 
thermal equilibriun and relaxation times for several motor sizes 
ard design implications therefrom, (5) A generalization of the 
"freezing point" concept for uniformly cooled grains resulting 

in a new "material characteristic," (6) Thermo-mechanically 
coupled experimental data, (7) Comnents on cree-relaxation 
reciprocal relations and, finally, (8) Recomnendations relative 
to methods of analysis for physically ngnl inear materials which 
appear promising for future enpineennq utilization 

1 1 1-034 Duff in, R "The Influence of Poisson's 

Ratio on The Vibrational Spectrum," SIAM J . 
Appl Math , VoK 17, p 179, 1969 
This note concerns the normal modes of vibration of an elastic 
body subject to standard boundary conditions The Poisson 
coefficient enters into the boundary value problem in a rather 
complex way. To simplify this situation the Rayleigh-Ri tz 
vanatioral principle is introduced in order to^jlefine the normal 
mode frequencies as stationary values This leads to a pertur- 
bation formula for the frequencies as a function of the Pcsson 
coefficient In some cases it is found that this formula can 
be evaluated exactly In any case the formula furnishes upper 
and lower bounds for the variation 


1 1 1-035 T L "Empirical Equations for 

Representing Viscoelastic Functions and For 
Deriving Spectra," J Polymer Sci .. Part C, 
pp. 39-50, 1971 

Several equations containing two empirical constants are con- 
sidered for rcpiesenting G(t), T’(w). and J(t) in the glass-to- 
rubber dispersion zone. With these equations* data on the NBS 
poly isobutylene can be closely represented The relaxation 
spectrum H(t) and the retardation spectrun L(t) were derived 
exactly from the equations for 6'(t) and J'(t) respectively The 
derived equations have the same functional form, and thus H(t) 
and L(t) can be intercorverted, under certain conditions, by 
employing an auxilliary equation that interrelates the relaxation 
and retardation times at which the spectra.maximize An exact 
transformation of an equation for G(t) gave a second equation for 
H(t), from the constants in this equation, L(t) was calculated 
Thp methods for obtaining and mterccnverting H(t) for L(t) for 
polyisobutylene gave results that agree satisfactorily with 
literature data obtained by the usual approximation methods. 
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IV-001 


Schapery, R. A. "Heating of The riYio-RKeologi- 
caUy Simple Viscoelastic Media Due to Cyclic 
Loading," A and ES 63-4, PurduC University, 
School of Aeronautical and Engineering Sciences, 
Lafayette, Indiajia., May 1963, 

Steady- state and transient temperature distributions re- 


sulting from dissipation are calculated for a viscoelastic 
slab and hollow cylinder subjected to cyclic shear loading. 
Temperature dependence of the dissipation function is intro- 
duced though the usual assumption of ihermo-rhcologically 
simple behavior, wherein frcquency-depcndont mechanical 
properties measured at different temperatures arc huper- 
posod by shifting the logarithmic frequency scale. This 
assumption leads to a nonlinear heat conduction equation, 
and an exact closed-form solution la obtained for just the 
steady-state temperature distribution. In older to solva the 
transient problem, some approximate methods of analysis 
are proposed Numerical results for a bolid propellant arc 
given, and it is found that a large temperature rise will oc- 
cur as the result of a therrfjal instability when the shear 
stress IS above a certain critical value. In this present 
paper inertia is neglected, however, many of the considera- 
tions, including the approximate methods, arc potentially 
applicable to dynamic problems. 


V“004 Schapery, R A.* ."Effect of Cyclic Loading on 
the r<.mpLiaUire in Viscoelubtic Media wiih 
Variable Properties " AIAA Journal, Vol, 2, 
May 1964, pp 827-835 

Determination of steady-state and transient temperature 
distributions resulting from dissipation calculated for a 
linear viscoelastic slab and hollow cylinder subjected to 
cyclic shear loading Temperature dependence of the dis- 
sipation function IS introduced through the farrahar assump- 
tion of thermorheologically simple behavior, wherein 
frequency -do pendent mechanical properties measured at 
different temperatures arc superposed by shifting with re- 
spect to the logarithmic frequency scale This assumption 
leads to a nonlinear heat- conduction equation, and an exact 
closed-form solution is obtained for just the steady-state 
temperature distribution In order to solve the transient 
problem two approximate methods of analysis arc proposed. 
Numerical results for a solid propellant arc-given, and it 
IS found that a large temperature rise will occur as the re- 
sult of a thermal instability when the shear stress is above 
a certain critical value that depends on thermal and mechan- 
ical properties and geometry Intthis paper, inertia is 
neglected, however, many of the considerations, including 
the approximate methods, arc potentially applicable to dy- 
namo problems as well ns to otlier confi gurntions and load- 
ing conditions 


IV”002 Tasi, J • "Thermoelastic Dissipatlon in 

Vibrating Plates " Journal of Applled'Mechan- 
ics, Vol 30, No 4, December 1963, p, 562 
The thermal dissipation associated with the natural modes 
of free vibration of a thermoelastic medium is obtained as 
an integral formula involving the mode of vibration and the 
temperature pioduced In thP mode The Integral formula 
for dissipation is applied to an Infinite isotropic plate, and 
numerical results are given for the three 'lowest, real, 
symmetric branches of the spectrum f'inally, it is shown 
that low-frequency extensional vibrations of plates can be 
adiabatic or Isothermal, depending on whether adiabatic or 
isothermal boundary conditions are specified on the faces of 
the plate 


IV-005 


Humphreys, J.S.; Martin, C, J. : "Determina- 
tion of Transient Thermal Stresses in a Slab 
with Temperature-Dependent Viscoelastic 
Properties. " TransacUons of the Society of 
Riieology, Vol. 7, 1963. 

The general problem considered is predicting thermal stres- 
* - •* ^ 

aes in a thm layer of material whose mechanical properties 
vary with both time and temperature, due to temperature 
changes on the exterior. The analytical development fol- 
lowed falls within tlte framework of linear viscoelasticity 
and IS based on recent work by Muki and Sternberg and by 
Lee and Rogers The effect of temperature variation is 


V“003 Suhubl, E S • "Longitudinal Vibrations of a 
Circular Cylinder Coupled with -a Thermal 
Field " Journal of Mech Phys Solids, Vol. 12, 
1964, pp 69-75 

In thl» paper ll\c ^dngltudinnl vibration of a circular infinite 
cylinder in pieaence of a temperature field has been studied 
The frequency equation has been obtained for two particular 
cases, narrjely constant temperature and zero heat flux on 
the surface of the cylinder The resulting equations have 
been solved for small radii and weak coupling between 
fields. For the former case no first order thermal effect 
has been observed In the latter, expressions have been 
found for ilic velocity of propagation and damping factor, 
which Indicate the effect of thermal field on the elastic waves 
and which coincide, if the lateral contraction is neglected, 
with those found earlier by Sneddon for the very short and 
very long wave lengths 


accounted for using the log-lirnc-Leiripurature superposition 
hypothesis. A specific case is worked through for a rigid 
aluminum slab covered by a layer of an AVCO-devcloped 
epoxy resin material Stress relaxation curves as a func- 
tion of temperature, which are determined by averaging the 
results of a senes of relaxation experiments on the mater- 
ial, arc picscntcd IJicn, by using a pioscnbed exterior 
temperature drop and the heat conduction equation to deter - 
mne a temperature disti ibulion, m-plane thermal stresses 
are found numerically on a high-speed computer The re- 
sults of direct elastic calculations and of simplified calcu- 
lations using constant-temperature properties are presented 
along wiUi more complete calculations includmg the varia- 
tion of properties \vath temperature. 
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IV-006 


Petrol, R* C. j Gratch, S. ' "Wave Propagation 
in a Vigcoelistlc Material with Temperature- 
Dependent Properties and Therniomechanlcal 
Coupling." Paper No. 64-APM-8, presented 
at Summer Conference of the Applied Mechan- 
ics Division of The American Society of 
Mechanical Engineers, Boulder, Colorado, 
June 9-n, 1964. 

A numerical method is developed for the analysis of one- 
dimensional wav*e propagation in viscoelastic media witli 
temperature-dependent properties when thermomechanical 
coupling is significant. The method is applied to a specific 
case of longitudinal wave propagation in a finite rod with 
essentially sinusoidal stress variation at the two ends. The 
results show that, contrary to the usual assumption, such 
a system does not have the same response as a single- 
degree- of-f re edom elastic system with viscous damping, 
as long as a realistic stress-strain relation is used- 

IV-007 Schapery, R, A. : "AppUcaUon of Thermody- 
namics to The rmomec haul cal. Fracture, and 
Birefrlngent Phenomena in Viscoelastic Media", 
JouxnoM oi^ Applied Physics, Vol. 35, No, 5, 

May 1964, pp. 1451-1465. 

A unified theory of the the rmome chard cal behavior of visco- 
elastic media is developed from studying the thermodynam- 
ics of irreversible processes, and includes discussions of 
the general equations of motion, crack propagation, and 
birefringence. The equations of motion In terms of gener- 
alized coordinates and forces are derived for systems in 
the neighborhood of a stable equilibrium state. They repre- 
sent a modification of Biot's theory in that they contain 
explicit temperature dependence and a thermodynamically 
consistent inclusion of the time- temperature superposition 
principle for treating media with temperature-dependent 
viscosity coefficients. The stress- strain- temperature and 
energy equations for small deformation behavior follow 
immediately from the general equations and, along with 
equilibrium and strain-displacement relatione, they form a 
complete set for the description of the thermomechaiilcai 
behavior of media with temperature-dependent viscosity, 

IV-008 Schapery, R. A. . "Thcrmomechanlcal 

Behavior of Vwcoolastic Media with Variable 
Properties Subjected to Cyclic JLoaditig. " 

CPIA Publication No. 61 U, Bulletin of the 
Third ICRPG Working Croup on Mechanical 
Behavior, Voi. 1, October 1964, pp. 245-66. 

The interaction between healing and dynamic response 
of viscoelastic bodies with temperature-dependent proper- ’ 
-lies IS studied. Firstly, equations governing the small 
deformation thermomechanical response to sinusoidal load- 
ing are shown to be equivalent to a set of two variational 
principles. Viscoelastic properties of a solid propellant 


ire characterized and then used in numerical examples 
dealing with ainuBoidal shear loading of slabs and cylmdera. 
As the first problem, an approximate variational method is 
used to calculate one-dimensional transient and steady- 
■ tale temperature distributions in a massless slab An 
exact stiiady-state solution is obtained for the thermome- 
chanical behavior of a slab with concentrated mass, and is 
then used to deduce fhe solution for a similarly loaded 
cylinder Finally, the influence of distributed mass m a 
cylinder is studied using a variational principle. It is found 
that without inertia a large temperature riae may occur 
when the applied stress amplitude is above a certain critical 
value which depends on thermal^and mechanical properties, 
geometry, and frequency. On the other hand, the combina* 
tion of temperature-dependent properties and inertia leads 
to temperature and di&placcment jump instabilities that are 
similar to those existing in a nonlinear spring-mass system 
Mth a spring that softens with increasing displacement. 

IV~009 Schapery, R A. "On the Thermomechanical 
Analysis and Behavior of Viscoelastic Media 
Subjected to Cyclic Loading " A and ES 64-3, 
Purdue University, Lafayette, Indiana, 
January 1964 

The interaction between heating and dynamic response 
of viscoelastic bodies with temperature-dependent proper- 
l*es IS studied Lquations governing the thermo-mechanical 
response to sinusoidal loading are developed and shown to 
be equi\alent to a set of two variational principles. Visco- 
elastic properties of a solid propellant are characterized 
and then used in numerical examples dealing with sinu- 
soidal shear loading and cylinders As the first 

problem, an approximate variational method is used to 
calculate one-dimcnsional transient and steady-state 
temperature distributions in a massless slab An exact 
steady-state solution is obtained for the thermomeehanical 
behavior of a slab with concentrated mass, and is then 
used to deduce the solution for a similarly loaded cylinder. 
Finally, the mfluonce of distributed mass in a slab and 

cylinder is studied using variational principles, it is found 
that with or without inertia a large temperature rise may 
occur when the stress is above a certain critical value 
4 which depends on thermal and mechanical properties and 
geometry Furthermore, the combination of temperature- 
dependent properties and inertia leads to dynamic jump 
instabilities that are similar to those existing in a non- 
linear spring-mass system. 

IV-010 Tormey, J. F. ; Britton, S. C. "Effect of 
Cyclic Loading on Solid Propellant Grain 
Structures." AIAA Journal, Vol 1, No. 3, 
August 1963, p 1763. 
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Schaperyj R A,, Cantey, D. E “Thermo- 
mechamcal Response Studies of Solid Propel- 
lants Subjected to Cyclic and Random 
Loading." Paper No^ 65-l60, AIAA 6lh 
Solid Propellant Rocket Conference, 
Washington, D. C , Tebruary 1-3, 1965 
An analytical and experimental study of the interaction 
between heating and dynamic response 'of solid propellant is 
presented. Emphasis is placed on the nature of thermal 
instabilities which exist under certain loading conditions, 
and on evaluation of linear viscoelastic theory in predicting 
thermal mechanical behavior of solid propellants For 
analytical and experimental simplicity, the investigation 
considers a specimen which is loaded in simple shear and 


insulated such that heat flow is restricted to occur normal 
to the direction of shear. Two types of loadings arc con- 
sidered constant displaceniont TmpJilude and mcrtial 
driving. Steady-stale re3pon«ie to both cyclic and stationary 
random-loading processes is determined analytically, and 
It is shown that large temperature increases may occur in 
the specimen with attached mass due to thermal instabili- 
ties Although good agreement between experiment and 
theory wag obtained over most of the range of strain and 
frequency, some strain-induced anisotropy and gradual 
propellant degradation were observed. 


IV-012 Tauchert, T R, . "Coupled Tliermoviscoelastlc- 
Ity of the Standard Linear Solid," Department 
of Aerospace and Mechanical Sciences, 

Princeton University, Princeton,^ New Jersey 
This paper reports an investigation of temperature 
distributions in a viscoelastic solid which result solely 
from mechanical deformations (1 e , no external heat is 
suppli£>d to the body through its boundary) The solid is 
assumed to be isotropic and linear, and one which can be 
represented by the "Standard Linear Solid." A coupled 
energy equation for such a material lb presented, and is 
used to calculate the transient and steady-slatc temperature 
distributions in a thin-walled tube subjected to torsional 
oscillations. 

IV-013 Woiosewick, R M , Cratch, S "Transient 
Response in a Viscoelastic Material with 
Temperature-Dependont Properties and Thermo- 
mechanical Coupling," Journal of Applied 
Mechanics . Series E, Vol 32, No 3, Septem- ^ 
ber 1965, pp 620-622 

The transient response of a seml-inf ini Cc, viscoelastic 
rod after application of a sinusoidal stress variation at 
one end has been investigated by a numerical method. Account 
has been taken of temperature dependence of properties and 
of thermomechanical coupling It is found that, with values 
of physical properties typical for polyraerlt materials, 
temperature approaches steady state several orders of raagni- 
tude more slowly than would be the case for stress and strain 
in the absence of thermomechanical coupling 


IV-014 Herrmann, George, Achenbach, Jan I) 

"Some Dynamic Problems of Coupled Ther- 
moeZastlcity Paper presented at lUTAM 
Symposium on "Irreversible Aspects in 
Continuum Mechanics" held In Vienna, 
Austria, June 22-25, 1966 (Proct-cdings 
to be published by Springer-Verlag , Vi- 
enna and New York, 1967.) 

Recent work at Northwestern University on dynamics of 
thermo clastic and viscoelastic continuous media is briefly 
reviewed Some current studies on the propagation of dila*- 
tfltional discontinuities with plane, cylindrical and spher- 
ical fronts in a medium which includes coupling between 
thermal and Irncarly viscoelastic mechanical effects are 
described The constitutive relations arc assumed to con- 
tain a Lompcr'iture dependence of clic functions which charqc- 
tcrizi* the mcrfnnii il ro iponsr. Thr result n o^h^b^t an 
L'tpoiu lU 1 il diwt) oi the magnitude of the discontinuity due 
to both viscoelastic and thcrmomcchafilcal coupling effects. 


IV-015 


riemnier, L. E. "Thermomechanlcal Re- 
sponse of a Viscoelastic Cantilever 
Plate," Bulletin of the Atli Meeting ICRPC 
Working Group on Mechanical Behavior . 
October 1965/ pp 371-382 

An analytical study of the thermomochanltal response of 
fi viscoeiastXc caucLIcvcrr plate undi:r ilu' action of 'jCC idy- 


srate cyclic loading Is presented Ihl > model may be con- 
sidered as providing a first approx im.it ion for estimacing 


dissipative hejttng due to propellant grain star-point 
vibration The energy equation is derived considering dis- 
cipation and temperature-dependent material properties The 
naterial is assumed to obey linear viscoelastic theory and 
to be thenaorheologically simple Two cases arc treated 
1) con^itunt amplitude harmonic force input and 2) Inertial 
loading in which the mass of the plate Is approximated by a 
concentrated mass at the free edge of the cantilever. Ana- 
lytical solutions for adiabatic heating have been obtained 
and numerical results arc ^Iven using tbormnX and mechanical 
properties of a solid propellant Thc"^ijinount of heating, as 
neasured by the maximum temperature in the plate, is compared 
with the temperature rase In a viscoelastic slab subjected to 
elraple cyclic shear loading 




T\/ m C lluinj, , N C "Dlsblp.nt Ion function In 

iV”"Ulb TIu iitiomcchanlcal Phenomena ol Vt>(.o- 

ci.tsMc Solid*;,’' loohiilcil Rtport No 1, 
Do par Croon t of Uil Aero spare ,ind Mcclian- 
Ical FnglnLCilng Sciences, University of 
Cillfornia, Sin Diego, La lolla, Calif , 
October 1966 

In this lftri>ci*, *an explicit form of the dissipation func- 
tion associated with thermomcchanicel phenomena of visco- 
elastic solids Is derived This function is expressed In 
terms of the observable quantities such as stress rates, 
strain rates, and their second time derivatives, etc The 
formulation is based on the theory of Irreversible thermo- 
dynamics of deformable bodies developed by Blot and general- 
ized by Ziegler and Schapery The proposed dissipation func- 
tion can be used conveniently for both experimental and 
rheorctlcal purposes 


liliIPRODUCliiii.m’ OF THM 
9SI05NAL PAGE 18 POOB 



IV-017 


Huang, N C , Lee, E H "Analysis of 
Coupled Thermo'Viscoelostlc Response of 
Rods and Slabs Subjected lo Cyclic Load- 
ing," CPIA rubllcatlon No 119, Vol 1, 


ProccedtuRii Che 5c)i ICRPG McottnR 
Mechanical Behavior WpeHne Group . 
October 1966, p 339 

This report deals with the problem of longitudinal 
waves in a viscoelastic rod caused by a sinusoidal stress 
applied at one end It Is assumed that a quasi -steady state 
of wave motion fotlows $ftcr a Jew cycles o£ oscillation, 
with the Stress and sti^din effocLivoly periodic, but with n 
clow chango in nmplitudG astociatcJ with tlie slow rise In 


temperature doe to the continuous transformation of mecluin- 
leal energy Into heat The mechanical properties of the rod 
are temperature dependent so that the wave speed and Its 
shape change with time. Since the temperature at one end of 
the rod Is fixed and a radiation condition Is prescribed at 
the other end, heat flux flows out from both ends Finally, 
a steady state of temperature distribution is reached The 
object of this report le to find the tomperature distribution 
as well as the stress distribution at various^ times 


T\/_mA Huang, H C., Lee, E H.: "Thermomechani- 

IV UlO Coupling Behavior of Viscoelastic Rods 

Subjected to Cyclic Loading," Oniver^itv 
of California, Snn Dicgo, LuJolln, Dopt 
ol the Acrospscc imi Mechanical bugintei - 
ing Sciences, Journal of Applied Mechanics , 
March L967, pp LZ7-132 

The problem of longitudinal o«fcillatlon of a viscoelastic 
rod of finite length including the effect of thermomechanical 
coupling was studied flic Tniterial Is assumed to be thermo- 
rhcologlcally simple. The almost steady oscillation super- 
posed on a slowly varying temperature distribution permits re- 
presentation as a boundary- value problem which is solved nu- 
merically by Iterative procedures CalculEjt ions are made for 
different stress levels and frequencies It is found that 
the CemperaUire increases considerably after a length of time 
of vibration although the stress level is low. A steady state 
of temperature can be reached if the temperature at one. end 
of the rod is fixed and a radiation boundary condition is 
prescribed at the other end. 


IV-019 


Taucherc, T R ‘Heat Generation in a 
Viscoelastic Solid," Acta Mechanlca , 
Vol 3, Mo 6, 1967 


The tetnperature distributions la a viscoelastic solid 
viblch result from mechanical deformations are investigated. 

The solid is assumed to bo isotropic and linear A coupled 
energy equation is used to calculate the transient and steady- 
state temperature distributions in a thin-walled tube sub- 
jected to torsional oscillations The heating is determined 
solely by the materials mechanical behavior and by consistency 
V 1 th thermodynamics 


IV-020 Torvik, Peter J • "Temperature Rise and 

Stresses due to Internal Heating," Air 
Force Inst of Tech , Wrlght-Patterson 
AFB, Ohio, School of Biglneering, Technical 
Report, January 1968, AD-664 052 

A finite amount of heat ia generated lu each cycle when 
a material is subjected to a cycled load This Internal heat 
generation causes clianges in the temperature of the body which, 
under certain conditions, may bo appreciable Expressions 
are developed for the temperature distribution and resulting 
thermal stress, and from them, the parameters which determine 
the magnitude of temperature rise and stress are obtained 
Quantitative agreement with previous experiments exists in the 
area of temperature rises Thermal stresses are appreciable 
only in very unusual circumstances 


IV-021 r,iuchLrt, T R ''Trnn‘ilcnt Ttnipot unre 

Dlstr lhuCiou*> l» Vl*,i od I*»C Ic Solids, to 

tvtlxw nefortmtlons." Actn 

Vol 6, No 2-). 1968, pp 239-252 

Snxlv of the effect of ht U dissipation resulting From 
dtlormiiioii of 1 vis..DLl,j-?tic solid on tlu Uniptrnturc fitU 
in llie solid fho couplid Jk.il iquaiion Is, used to uilcuhiu 
Liie trnnsicnt -uni btc ady-stTtt. c^mpernLure dUtrlhuC lone m 
t^o sitviTtlons (1> simplt-sl.t ir of an Infinite sJ ib. md 
(2) it»rsionil ostlUitioii of i clrml.ir lod 


IV-022 


Cost, Tliomos b, ^'Tliennomcch'mlcal Coup- 
ling Phenomena in Non-Isothernal Visco- 
elastic Solids," Rohm and Haas Company, 
Pedbtonc Research laboratories, Huntsville, 
Alabama, Technical Report S-226, August 
1969 . I 22 p 


Tljc Incrcnsiiif use of viscoelastic materials In cyclic 
loading applications has created a need for an limlcfst'tndlng 
of the thcrfnoincchanlcal coupling phenomenon by which mtchaiil- 
c.il energy exerted in deforming a material Is converted Into 
thermal energy Three basic approaches to a mathematical 
analy* Is of this phonomcnon, pro onced by Blot, ioUmin, and 
‘itiivoimin ind SihwAtcl, no rov lowed niul dl cuised (u )s 
slmll ir A piKhcmil* il not itlou as possible. The basic con- 
stitutive behavior, Including dissipative effects, of "thoemo- 
rhcologlcallv simple" materials la developed by u^c of each 
of these tlicoi Its. The relation of the thtec approaches to 
one another is demonstrated In tills development Tlie theories 
are sliown to produce similar forms for the constitutive re- 
lations although the basic approaches are considerably differ- 
ent Tile significance of the derived dissipation function is 
investigated by solving the energy equation, with the dissi- 
pation function included, for the case of a solid circular cy- 
linder undergoing torsional vibrations. It Is shown that 
Chermorheologlcallv simple materials produce less heat th<an 
isothermal viscoelastic materials under similar conditions, 

An experiment %as performed on a solid circular cylinder of 
a polyurethane rubber by applying a periodic torsional dis- 
placement to one end of the cylinder while holding the other 
end fixed. The temperature was recorded at several stations 
in the cylinder as a function of time. The experimental re- 
sults Indicate that the heat generated In viscoelastic mater- 
ials by cyclic loading at frequencies of about 10 Hz and 
strain magnitudes of about 5^ can produce temperature changes 
of at least 30'’F 


IV-023 


Kovalenko, AD, Tluptla, V, 1, "Pro- 
pagation of Longitudinal Waves in a 
Viscoelastic Cylinder with Allowance for 
Thtrmomechanlo^ll Coupling," Prlklgdnala 
Mckhanlka . Vol 6, .laninry 1970, pp 
3-9, (in Russian). 


Analy-^is of the Influence of the Interrelation between 
Che strain ind cunperature fields on the propagation of Inr- 
monlc viscot la* Lit. longi titdinnl wives in an Inl Inlte s?olld 
cylinder invulaiud at Uil surfdc<.. llic problem Is solved In 
llilLir fornulatlon without illow met for the temperature de- 
pendence of the Lhcrmoph>i5ical and nu chan leal characteristics 
of the medhim Approximate expressions for tlie phase velo- 
city s and .It lenuat loti <«efflclciits iru obt.nlned for a pre- 
doralnintly vlscot ItscIc w ive nnd a w.ave similar in nature to 
a pure thermal wive NumurLcal values for these wave 
ch iracccrlscic . are obtalnud for a modified viscoelastic longi- 
tiidtnol wive prop.ij ntJng In n polycch^ lent, cylinder 


IV-024 A(.henbach, J D», Herrmann, G "Propaga- 

tion of Second-order Thcrmomcchanlcal 
Disturbances In Viscoelastic Solids," 
lUTAM Svmposi«»m l*ast Kllbridn, Proceedings 
June 25-28, 1968, Sprlngcr-Vorlag, New 
York. 

The change of magnitude of a strain discontinuity Is 
studied as it propnp.atcs in a heat conducting vl&roelastlc 
tnedUim The paper includes an Investigation of tiic effects 
of thermomechanical coupling, viscous flow, second-order 
>tr.ilns. and temperature-dependent material properties. 
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IV-025 Cost, rtionias L "Dissipation of Mechani- 
cal Energy In Viscoelastic Materials,'* 
JA^I^^AF Mechanical Behavior Working Group 
8th Meeting, Chcnlcal Propulsion Informa- 
tion Agency, Johns ITopkins University, 
Applied Physics Lab , Silver Spring, Md , 
CPIA Publication Ho 1^3, Vol 1, March 
1970. 

When solid propellant rocket motors experience sustained 
cyclic loads, dissipation of part of the mechanical energy 
Imparted to the propellant grain results in significant 
amounts of heat being generated Tills heat strongly influences 
the strength and rigidity of solid propellant No additional 
characterization of the solid propellant is required to des- 
cribe the dlsslpq.^ ve^bjphavior in an analysis beyond that 
necessary to describe the stress constitutive equations 
Results from a cyclic loading experinent on an unfilled poly- 
urethane rubber indicate that sufficient heat is generated in 
viscoelastic materials tested at frequencies of about 1000 
epta and at strain levels of about 57 to produce temperature 
Increases of about 30’F A prediction of the amount of heat 
generated depends upon whether or not the viscoelastic mech- 
anical properties are assumed to be temperature dependent. 
Predictions based upon assumed isothemtal behavior appear to 
overestimate the amount of heat generated whereas the assunp- 
tion of "thermorheologlcally simple" behavior resulcs in an 
underestimate. 


IV- 026 Tauchert, T, R. • "Thermomechanlcal Cou- 

pling In Viscoelastic Solids", Thermoln- 
jy._astlclty {lUTAM >S>'mposlum 1968 East 
Kilbride), edited bv B. A Boley, 
Sprlnger-Verlag, New York, 1970, pp 316- 
326. 

Experimental data on the heat generated In polymeric 
specimens unJergv.idg osclliacory deformations are presented. 
Various factors which affect the hysteresis, including strain 
amplitude, frequency and mode of loading, and ambient tempera- 
ture arc Investigated. It is observed that not all of the 
energy added to a specimen during a c>clc of deformation is 
dissipated as heat, A comparison of theory and experiment 
demonstrates that the remaining (or "stored") energy nust be 
accounted for in predicting the themomechanlcal behavior of 
such materials. 


IV-027 Mukherjee, S,; **yanational Principles 1n 
Ovnamic Thermoviscoelasticity," SUDAH 
Report Ho 72-3, Stanford University, April 
1972 

Dual variational principles for steady state wave propagation in 
three dimensional thermoviscoelastic madia are presented. The 
first one, for the equations of motion, involves only the compleA 
displacement function. The second principle is for the energy 
equation The specialized versions of these principles in two 
dimensional oolar coordinates and then in one dimension are 
obtained A one dimensional example, that of wave propagation 
in a thermoviscoelastic rod insulated on its lateral surface and 
driven by a sinusoidal stress at one end, is solved using the 
Rayleigh-Ritz method The displacement and temperature functions 
are expressed as series of polynomials. Successive aporoxima- 
tions for the solution are compared with a solution obtained by 
a method of finite differences, and an estimate of the degree of 
accuracy as a function of the nunber of terms taken in the series 
is obtained. It is found that as long as the spatial distribu- 
tion of stress and temperature are sufficiently smooth, rapid 
convergence to the correct solution is obtained. If the stress 
is a rapidly oscillating function of the distance along the rod, 
polynomials are no longer efficient and other test functions 
must be chosen. 


IV-028 


KuRberjee, S . **Thenna1 Instabilities In A 
Viscoelastic Rod Under Cyclic Loading," 
SUDAM Repoit No. 72-9, Stanford University, 
June 1972 


Thermal instabilities in a viscoelastic rod under cyclic loading 


are discussed by determining the stresses and temperature in a 


viscoelastic rod insulated on its lateral surface ard driven by 
a sinusoidal stress at one end Temperature dependence of the 


complex Young's modulus of the rod and the effect of thermo- 
mechamcal coupling are included in the analysis, A method of 
finite differences is used to directly determine the steady state 
stresses and temperature without obtaining the complete time 
history of the process The iterative algorithm used is very 


useful and converges rapidly for a wide range of driving stress 
amplitudes and frequencies It is found that rapid rise of 

temperature to dangerous levels occurs for relatively low values 
of driving stress emplitudes especially if the driving frequency 
is close to one of the critical fiequencies of the rod. Drastic 
softer irg of the rod leads to large stiains Thus, failure of 
the rod could occur at low values of the driving stress 
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APPENDIX B 


DYNVIS 

COMPUTER PROGRAM 
FOR SRM PROPELLANT 


DYNAMIC RESPONSE 




B - 1 
DYNVIS 

PROGRAM DOCUMENTATION 


B-2 



B-1.1 GENERAL DISCUSSION 


The SRM propellant dynamic response model is given by the 
power- law 


E(way) = Ej^Cwa^)*^ (B-1) 

where the temperature shift-factor is given by the mpdified pov/er- law 



where 

Eq =* dynamic modulus at a temperature- 
reduced frequency (oa^ = 1 
0 ) = frequency 

n = log-log slope of master dynamic modulus curve 
versus temperature-reduced frequency, wa-j- 

Tj^ = reference temperature at wh'ich master dynamic 
modulus curve versus tempera ture^reduced 
frequency was generated, 

Ta,m = experimentally determined constants chosen to 

represent the temperature shift-factor by Eq, (B-2), 

Equation (B-1) is' used to represent the real or imaginary part of the 
tensile or shear modulus,' 



A computer code was written for Eqs, (B-1) and (B-2) using 
standard ANSI FORTRAN IV The code has three options-’ 

(1) A least-squares curve-fit of Eq, (B-1) may be 
accomplished to determine the parameters E^ 
and n. 

(2) Simultaneous with the curve-fitting^ calculations 
of the dynamic modulus nay be made at any combin- 
ation of frequencies and temperatures up to a 
maximum of 20 each, 

(3) Calculations of the dynamic modulus may be made 
without the curve-fitting at any combination of 
frequencies and temperatures up to a maximum of 
20 each, 

In all three options, calculations may be made with the real or 
imaginary part of the dynamic modulus or both. 

Explicit definition of the input-output variables is given with 
the user^s manual in Appendix B-2, 

The least-squares curve-fitting option can be used in two ways. 

On the one hand, a master dynamic modulus curve versus temperature-reduced 
frequency may be constructed from dynamic tests conducted at several 
temperatures. Data points (up to a maximum of 20) from this curve are 
then input as a function of temperature-reduced frequency and the least- 
squares curve fit carried out to determine the coefficient E^ and the 
exponent n in the constitutive relation, Eq, (B-1). In this procedure 
Eq. (B-2) must be fit to the temperature shift-factor curve generated 



during construction of the master dynamic modulus curve and the para- 
meters Tg and m in Eq, CBf*2) .determined for input to the code. 

Alternatively, if the curve-fit is desired at a single tempera- 
ture, then this temperature may be defined as the reference temperature 
with T = Tg in Eq, (B-2) and, thus, a^ = 1 in Eq, (B-l), Any values 

may then be input for and ra^ including zero| 

The curve-fitting procedure is carried out in terms of the 
temperature-reduced frequency, way, with’ respect to a given reference 
temperature, In calculating dynamic response, however, the actual 
frequency, oi, at the temperature, T, where the response is desired is 
input and the temperature shift^functfon calculated according to Eq. 

(B-2), in this case it is necessary to input the reference temperature, 
T[^, and the parameters Tg and m, If calculations are desired at a single 
temperature where E^ and n are known, or are to be determined from the 

program, then, the temperature T can be set equal to the reference • 

temperature and arbitrary values input for and m, 

The code has the output formatted in SI units*, however, it may 
be seen that Eq, (B-2) only involves temperature differences and the 
units of the dynamic modulus are carried in the coefficient E^ in Eq, 
(B-1). Therefore, the calculations within the computer code are actually 
independent of the system of units used, 



B-1.2 LEAST-SQUARES CURVE-FIT 


The least-squares curve-fit of Eq, (B-1) is accomplished in 
the following fashion, Defining t = loa^, then Eq, (B-1) may be written 
in the form 


loQg E(t) = log^ Ep + n log^(t) (B-3) 


where loPg denotes the natural logarithm, Next, defining S by 


S = [logg E(t^.l - lo9g Eg - nlogg(t^.)]^ , (B-4) 


and setting dS/dE^ = 0, it follows that 


N ^2 

N log E + E n log (t.) = I n(log (t-)) 
e 0 e 1 e i 


N 

= s EOog E(t.)) (log (t-))] (B-6) 

i=l e 1 e 1 


The solution for^ log^ E^ and n from Eqs, (B-5) and (B-6) is then given 

6 0 

by 

N N 

S log. E(t.) E iog.(tO 
1=1 e T 1=1 e 1 

N n ^ 

l°9e ^0 " .2 [logg E(t.)logg(t.)] E (logg(t.)) 

J [ (B-7) 

A 


B-6 



and N 

N S log„ E(.t, 

i=l ® 

N N 

2 log_Ct.} 2 

i=l ® ^ i= 


where 


A 


N 

N s 

1=1 

N N 

2 log.(t.) S 

i=l ® ^ 1=1 


) 

Doge E(t^-)logg(t^.) 
A 

loggCt^) 

(logg(tp)^ 
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power Law representation of THE FORM: 
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E = EZERO ♦ (OMEGA ♦ ASUBT) ♦♦ N 

. (1) 

00U029 
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AND/OR MAKES PREDICTIONS OF THc REAL AND/Oi< IMAGINARY 

000031 

ooo 


COMPONENTS OF THE DYNAMIC MODULUS. THE PROGRAM IS 

VALID 

000O32 

ooo 


FOR THE REAL AND/OR IMAGINARY COMPONENTS Of- THE DYfiAMIC 

000033 

ooo 


TEnSlLE OR SHEAR MODULI. 

% 

000034 

ooo 
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ooo 


TEiuPERaTURE 15 ACCOUNTED FOR THROUGH THE USE OF A 

TIME - 

00y036 

ooo 


temperature SHIFT FUNCTION REPRESENTED IN THE FORM 

OF A 

000C137 

ooo 


• modified power LAW; 
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**-+:USE02400 
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>f;**U5E0270n 
***USE02800 
***USE02900 
♦**USE03000 
***USE03100 
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♦♦♦USE03400 
***USE03500 
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♦♦♦USE03800 

ASUaX = ((THEF-TA)/(T-TA) )**TM (2) ♦++USE03900 

***USE04000 

:|c**USE04100 

TREF = reference TEMPERATURE (DEGREES KELVIN). *+*USE04200 

**^USE04300 


TArTM = experimentally DETERMINED PARAMETERS TO 
' fit EQ. (2) TO THE ASUBT SHIFT CURVE 

versus temperature. 

THE CURVE-FITTING IS CARRIED OUT IN TERMS OF THE 
temperature - reduced FREQUENCY r OMEGA * ASUBT 5 BUT 
PRLCICTIONS are HADE IN TERMS OF ACTUAL FREQUENCY AT ANY 
DCSIREU TEMPERATURE. INPUT VALUES OF DYNAMIC MODULI FOR 
the curve-fitting SHOULD BE IN KILONEWTONS PER SQUARE 
METER mND TEMPERATURE IN DEGREES KELVIN, { ALTHOUGH r THE 
internal logic is valid and will satisfactorily EXECUTE 
FOR ANT CONSISTENT SET OF UNITS) 
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***USE0480O 
♦♦♦USE04900 
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♦**USE05100 
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***USE05300 
+**USE05400 
=*»*USE05500 
♦**USE05600 
♦♦♦USE05700 
♦♦*USE05800 
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USE06000 
USE06100 
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, USE06300 
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«AL PAGE 


number of temperature - REDUCED 
FREQUEMCICS AT WHICH THE REAL 
part of the dynamic modulus IS 

fO BE CURVE-FIT, 

NUMBER OF ACTUAL FREQUENCIES 
(NOT TEMPERATURE - REDUCED 
FREQUENCIES) AT wHILK 
CALCULATIONS OF THE REAL PART 
OF THE DYNAMIC MODULUS ARE 
DESIRED. 
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15 
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tlO.O 


£ 10.0 


£ 10.0 


NRTEMP = NUMBER OF TEMPERATURES FOR USE07700 

WHICH CALCULATIONS OF THE REAL USE07800 

PART OF THE DYNAMIC MODULUS USE07900 

ARE DESIRED. USEO&OOO 

USEOSlOn 

NIFIN = NUMBER OF TEMPERATURE “ REDUCED USE08200 

frequencies AT WrUCH THE USE08300 

imaginary part of the DYNAMIC USE08400 

MODULUS IS TO BE CURVE-FiT, USE08500 

USE08600 

NIFOUT = NUMBER OF ACTUAL FREQUENCIES USE0S700 

(NOT TEMPERATURE - REDUCED USE08600 

FREQUENCIES) FOR WHICH USEO890O 

CALCULATIONS FOR THE IMAGINARY USE09000 

PART OF THE DYNAMIC MODULUS USE09100 

ARE DESIRED. USE09200 

USE09300 

NITEMP = NUMBER OF TEMPERA TURES FOR USE09400 

WHICH CALCULATIONS OF THE USE095oU 

imaginary Part of the dynamic USE09600 

MODULUS ARE DESIRED. USE09700 

USE09800 

TH = REFERENCE TEMPERATURE AT WHICH USE09900 

MASTER DYi'lAMIC MODULUS VERSUS USE 10 000 

TEMPERATURE - REDUCED FREQUENCY USElOlOO 
CURVE WAS GEfJERATED. (UNITS - USE10200 

DEGREES KELVIN) USE10300 

USE10400 

Ta = experimentally DETEkHINED USE10500 

PARAMETER CHOSEN TO FIT £Q. (2) USE10600 
ABOVE TO EXPERIMENTmL TIME - USE10700 

TEMPERATURE SHIFT FUNCTION USE10800 - 

CURVE. (UNITS - degrees KELVIN) USE10900 

USEllOOO 

TH = EXPERlMEtJTALLY DETERMINED USElllOO 

EXPONENT CHOSEN TO FIT EQ. (2) USE1120G 
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ABOVE TO EXPERIMENTAL TIME - USE11300 

temperature shift function USE11400 

CURVE, (UNITS - DIMENSIONLESS) USEH500 

USEX1600 

RMOD(I) (I = 1,NRFIN) = VALUES OF THE USEU700 

HEAL part of the DYNAMIC USE11800 

MODULUS TO BE CURVE-FIT. U5E11900 

(UNITS - KILONEWrONS PER SQUARE USE12000 
METER) USE12100 

USEi2200 

KFREQ(I) (I=1»NRFIM) = values of USE12300 

TEMPERATURE - REDUCED USE12400 

FREQUENCIES FOR WHICH THE REAL USE12500 
PART OF THE UYNaMIC MODULUS IS U5E12600 
TO BE CURVE-FIT, (UNITS - USE12700 

HERTZ) USE12600 

USE12900 

IMOD(I) (irl.NlFIlN = VALUES OF THE USE13000 

imaginary part of THE DYNAMIC USE13100 
MODULUS TO d£ curve-fit. USE13200 

(UNITS - KILONEWrONS PER SQUARE USE153Q0 
METER) USE13400 

USE13500 

IFREQ(I) (I=i»NiFlN) = VALUES OF THE USE13600 
temperature - REDUCED USE13700 

frequencies for which the USE13800 

IfMAG inary part OF THE DYNAMIC USE13900 
MODULUS IS TO BE CURVE-FIT. USE14000 

(UNITS - HERTZ) U5E14100 

USE14200 

ERZERO = COEFFICIENT IN POWER LAW FOR USE14300 
I HE REAL PART OF THE DYNAMIC USE14400 
MODULUSf AS OIVEN BY EQ. (1) USE14500 

ABOVE, (UNITS - KILONEWTONS PER USE14600 
square METER) USE14700 

USE14S00 

NREXP = exponent IN THE POWER LAW FOR USE14900 

the real part OF The dynamic useisooo 
hOOULUSf AS given by EQ. (1) USE15100 

above. (UNITS - DIMENSIONLESS) USE15200 
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USE15300 

EIZERO = COEFFICIENT IN THE POWER LAW USE15400 
FOR THE Ii'^AGINARY PART OF THE USE15500 
DYNAMIC modulus r AS GIVEN BY USE15600 

EQ. (1) ABOVE, (UNITS - KILO- USE15700 

NEWTONS PER SQUARE METER) USE15800 

USE1S900 

NIEXP = exponent in THE POWER LAW FOR USE16000 

THE imaginary PART OF THE USE16100 

dynamic MODULUS f AS GIVEN BY USE16200 

EQ. (1) ABOVE. (UNITS - DiMEN- USE16300 
SIONLESS) USE16400 

U5E16500 

RTEMP(I) (I=1»NRTEMP) = VALUES OF USE16600 

temperatures at which CALCU- USE16700 

LATIONS OF THE REAL PART OF THE USE16800 
DYNAMIC MODULUS ARE DESIRED. USE16900 

(UNITS - DEGREES KELVIN) USE17000 

USE17100 

RFREQO(I) (I=1fNRF0UT) = VALUES OF THE USE17200 

ACTUAL FREQUENCIES (NOT THE USE17300 

temperature - REDUCED USE17400 

FREQUENCIES) FOR WHICH USE17500 

calculations of the real pari USE17600 

OF THE dynamic MODULUS ARE USE17700 

DESIRED, (UNITS - HERTZl USE17800 

USE17900 

irEMP(I) (I=1 fNITEMP) = VALUES OF THE USE18000 

TEMPERATURES AT WHICH USE1810U 

calculations OF IHE IMAGiNARr USE16200 

Part of the dynamic modulus useissoo 

ARE DESIRED, (UNITS - DEGREES USE18400 

KELVIN) USE 185 00 

USE18600 

IF'REQO(I) (I = 1fNIFOUT) = VALUES Op THE USE18700 

ACTUAL FREQUENCIES (NOT THE USE18800 

temperature - REDUCED USE18900 

FREQUENCIES) FOR WHICH USE19000 

CALCULATIONS OF THE IMAGINARY USE19100 
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000192 
000193 
000194 
00ul9b 
000196 
000197 
000198 
000199 
OOu^OO 
00o<i01 
00u<-02 
00u-=i03 
0006:04 
00(36:05 
0006:06 
000207 
oootioa 
00u6i09 
0006:10 
'""•)6:11 


000 

000 

000 

000 

oou 

000 

ooo 

oou 

OOu 

00(J 

OOu 

oou 

000 

OOu 

oou 

oou 

oou 

GOO 

OOU 

000 


part of the dynamic modulus 
ARE desired. (UNITS - HERTZ) 


LAST 


1 — 4 


A4 END 


C + + * 
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- notes: 

THE UOd information OM CARD NO, 1 IS PRINTED WITH OUTPUT, 
THl following arrays have been DEFIilED TO BE HEAL; 


IFREO 

IMOD 


ifreqo 

NREXP 


ITEMP 

.'JlEXP 


00^212 

OOU 

3 

Card (S) 

NO, 

3 

IS 

repeated 

UNTIL 

ALL 

VALUES 

HAVE 

bEEN 

READ 

OOoZlo 

00U214 

000 

000 

4 

CAKD(S) 

HO, 

,4 

IS 

repeated 

UNTIL 

ALL 

values 

HAVE 

dEEN 

READ 

00^,215 

00oc:16 

000 

000 

d 

LAi’lL ( S ) 

NO. 

5 

IS 

repeated 

UNTIL 

ALL 

Values 

Have 

dEEN 

HEAD 

00oc:i7 

OOudlB 

oou 

oou 

o 

LAHL'(S) 

NO. 

fa 

IS 

repeated 

UNTIL 

all 

values 

HAVE 

UEEN 

head 

00u2l9 

00u6i20 

uOu 

OOu 

/ 

LAimJ { S ) 

NO. 

8 

IS 

REPEATED 

UNTIL 

all 

Values 

HAVE 

dEEN 

head 

00o<^2i 

OOu6:22 

oou 

uOu 

ti 

CAfvL (S) 

NO, 

9 

IS 

repeated 

UNTIL 

ALL 

values 

HAVE 

dEEN 

READ 

OOudZa 

000224 

uOU 

oou 

9 

CAnD(S) 

NO. 

10 

IS 

repeated 

UNTIL 

ALL 

Values 

HAVE 

BEEN 

READ 

00u225 

000226 

cou 

cou 

10 

CAKO(S) 

NO. 

11 

IS 

repeated 

UNTIL 

ALL 

values 

HAVE 

BEEN 

READ 


U5E19200 
USE19300 
USE1940C 
USE19500 
USE19600 
USE19700 
♦♦♦USE19800 
USE19900 
USE20000 
USE20100 
USE2020C 
***USE20300 
USE20400 
USE20500 
USE20600 
USE2070C 
USE2080C 
USE20900 
USE21000 
^ USE211QC 
USE21200 
USE21300 
USE21400 
USE21500 
USE21600 
USE21700 
USE21800 
USE21900 
USE2200C 
U5E221GO 
USE22200 
USE22300 
USE22400 
USE22500 
USE2260G 
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original page 



sL-a ^ 


000227 

000 




USE22700 

C0ua26 

ooo 

11 

CAKDS NOS. 3 d 4 ARE NOT READ IF NRpIN = 0, , 


USE22800 

000229 

000 




USE22900 

00oa30 

000 

12 

CARDS NOS. 5 a 6 are NOT READ IF NIFIN = 0. 


USE23000 

000231 

000 




USE23100 

00fi232 

000 

13 

CARDS NOS. 8 a 9 ARE NOT READ IF NRTEMP = 0. 


USE23200 

00ua33 

000 

► 



USE23300 

00u2O4 

000 

14 

CARDS NOS, 10 a 11 ARE NOT READ IF NITEMP = 0, 


USE23400 

00ua35 . 

000 




USE23500 

OOg-iiotj 

000 

lb 

CAKD(S) NO. 7 IS READ ONLY IF IT IS DESIRED TO 

calculate , 

USE23600 

OOoa37 

000 


dynamic modulus without CURVE-FITTIwG» (I.E.f 

USE23700 

oooass 

000 


only if NRFIN = 0 and NIFIN = 0) 

• 

USE23800 

000239 

000 




USE23900 

06u240 

000 

16 

SEVERAL JOBS CaN BE STACKED? HOWEVER# THE LAST 

CAHiO OF THE 

USE24000 

000241 

000 


DATA INPUT DECK MUST HAVE 'END » 

IN THE FIRST 

USE24100. 

000242 

000 


FOUR columns of the CARD. 


USE2420n 

00f,243 

000 




USE24300 

000244 

000 




USE24400 

000245 

000 

c*** 



*»^U5E24500 

000246 

000 




*^*USE24600 

000247 

000 

c*** 



**=»;USF24700 

000240 

000 




***USE24800 

000249 

000 



4 ^ 

4+#USE24900 

000250 

oou 

+ * 


^ ^ ^ ^ ^ 

***|JS£25000 


END ELI*. 
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OOoOOi 

000 



♦**OYN00100 

oooooa 

000 

c * * * 


♦*»DYN00200 

000003 

000 



♦**DYN00300 

OOouCH 

000 



***DYN00400 

000U05 

000 



♦*+DYN00500 

oouuoa 

000 


SOLID propellant VISCOELASTIC DYNAMIC RESPONSE MODEL 

***DYN00600 

OOOU07 

oou 



*++DYN00700 

OOOOOQ 

000 



♦♦♦DYNDOOOO 

OOOU09 

000 


D Y N V I S 

***DYN00900 

ooouio 

000 



♦*!(«DYN01000 

OOoull 

OOu 



♦♦♦OYNOliOO 

000012 

000 


DEVELOPED BY 

♦**DYN01200 

OOOU13 

000 



♦♦*DYN01300 

^ 000014 

000 


W L HUFFERD 

♦♦♦OYN01400 

' OOuOiS 

000 



♦**DYN01500 

000016 

GOO 


MARCH 1976 

♦♦♦DYN01600 

CO OOOOI7 

000 



♦♦♦dynoiToo 

- OOOOiS 

OOu 


J. E. FITZGERALD & ASSOCIATES 

*^*DYN01800 

^ 000019 

OOu 

c*** 

ATLANTA! GEORGIA 

♦♦♦DYN01900 

000020 

ooo 



♦♦♦DYN02000 

000021 

000 



+++DYN02100 

000022 

000 



♦**DYN02200 

000U23 

OOu 


THIS program PERFORMS A LEAST-SQUARES CURVE-FIT TO DYNAMIC 

***DYN02300 

000024 

000 

C4** 

LAoOHArORY TEST DATA TO DETERMINE THE COEFFICIENTS IN a 

**+DYN02400 

DOOUeiS 

000 


POvVEK LAW representation OF THE FORM; 

♦♦♦DYNO250O 

'OOOU<i6 

000 



♦♦♦DYN02600 

000U27 

000 

c *+* 

E = EZERO + (OMEGA ♦ ASUBT) N (1) 

♦♦♦DYM02700 

000026 

000 



***DYN02800 

OOOU29 

000 


ANu/OR makes predictions OF THE REAL AND/OR IMAGINARY 

**+DYN02900 

000030 

000 


componlnts of the dynamic modulus. The program is valid 

♦♦♦DYN03000 

000U31 

000 


FOR THti real AND/OR IMAGINARY COMPONENTS OF THE DYNAMIC 

***DYN03100 

00UU32 

000 


TE'HSILE OR SHEAR MODULI., 

♦**DYN03200 

000U33 

000 

c*** 


♦*=»=DYN03300 

00UU34 

000 


TEMPERATURE IS ACCOUNTED FOR THROUGH THE USE OF A TIME - 

♦**QYN03400 

000035 

ooo 

C + + * 

TEMPERATURE SHIFT FUNCTION REPRESENTED IN THE FORM OF A 

***DYN03500 

000036 

000 

c*** 

modified power LAW; 

**»OYN03600 


tSSBOOUCBILlK OP 

aaioraAL page is pooe 
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O0U037 

000 




♦♦♦DYN03700 

000038 

000 



ASU8T = ( (TREF-TA)/(T-TA) >**TM (2) 

♦*+DYN03800 

000039 

OOu 



• 

♦*+DYN03900 

000040 

000 



WHERE 

*:f:*DYN04000 

000041 

OOu 



TREF = REFERENCE TEMPERATURE (DEGREES KELVIN), 

**+DYN04100 

000042 

000 




***DYN04200 

000043 

000 

C++* 


TAfTh = EXPERIMENTALLY DETERMINED PARAMETERS TO 

♦♦+DYN04300 

000044 

000 

C + + * 


FIT EQ. (2) TO THE ASUBT SHIFT CURVE 

^**DYN04400 

000045 

000 

C++* 


VERSUS TEMPERATURE. 

***OYN04500 

000046 

000 

C + + * 



♦♦♦DYN04&00 

000047 

000 

c <^++ 


THE CUkVE-FITTIN(5 IS CARRIED OUT IN TERMS OF THE 

***DYN04700 

000046 

OOu 

C + + * 


TEMPbRATURt. - REDUCED FREQUENCY > OMEGA * ASUBT? BUT 

**!*:DYN04800 

000049 

000 

C++* 


predictions ARE MADE IN TERMS OF ACTUAL FREQUENCY AT ANY 

♦ =(«*OYN04900 

000050 

000 

C + + * 


DESIRED temperature. INPUT VALUES OF DYNAMIC MODULI FOR 

♦**DYN05000 

^000051 

ooo 

C ++* 


THE curve-fitting SHOULD BE IN KILONEWTONS PER SQUARE 

♦♦♦OYM05100 

00o052 

000 

C++* 


METER AND TEMPERATURE IN DEGREES KELVIN. ( ALTHOUGH f THE 

*:f*DYN05200 

00o053 

000 

C++* 


INTERNAL LOGIC IS VALID AND WILL SATISFACTORILY EXECUTE 

♦♦♦OYN05300 

00q054 

000 

C++* 


FOR ANY consistent SET OF UNITS) 

♦♦♦DYN05400 

000055 

000 

c*** 



♦♦♦DYN055QO 

00q056 

ooo 

c*+* 



♦»¥OYN05600 

00u057 

OOU 

c**+ 

* * 


***DYN05700 

000053 

ooo 

C + + * 



♦**DYN05800 

00uu59 

ooo 

c++* 



**>f:DYN05900 

OOoOdO 

ooo 

U++* 


THE MAIN ROUTINE* » D Y N V I S ’ * READS CONTROL 

♦♦*DYN06000 

000061 

ooo 

C ++* 


information* calls THE CURVE-FiTTING SUBROUTINE* 

***DYN06100 

OOoOo2 

ooo 

C + + * 


* C U K V I T * , IF necessary* AND MAKES REQUESTED 

+++DYN06200 

O000o3 

OOU 

C++* 


calculations of dynamic RESPONSE, 

♦♦*DYN0d30O 

000064 

ooo 

c+*+ 



♦*+DYN06400 

00q0&5 

OOu 

t + + * 



♦**OYN06500 

OOoOob 

ooo 

C + + * 

^ + 

+ + + + >K + + * + + + * + + * + + * + + * + + + *^ + * + * 

♦*+dYN06600 

00OU67 

OOu 

U + + * 

* * 

+ + ^ + + + + + + + + + + + + + + + + + + + * + *+ + + + + 

♦♦+DYN06700 

OOOUod 

ooo 

C + + * 



***DYN06B00 

000O69 

ooo 

C++* 



***DYN06900 

00qu70 

ooo 


DIMENSION irXTUE{20) ,TEMP(20) ,RTEMP(20> f HEMP (20 ) , RMOu (20 ) » 

DYN07000 

000071 

ooo 


I 

IMOD ( 20 ) * RFREQ ( 20 ) * IFREQ ( 20 ) * RFREQO ( 20 ) , IFREQO ( 20 ) 

DYN0710U 

000072 

ooo 

C + + * 



*+*OYN07200 

000073 

ooo 


REAL IMOO» IFREQ# IT£Mp» IFREQOe NREXPf NIEXP 

DYN07300 

00u074 

ooo 

C+ + * 



♦**DYN07400 
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000075 

000076 

000U77 

00u076 

00u079 

ooooao 

OOOUSI 

oooosa 

00g063 
00o084 
000085 
00uUd6 
00 U 087 

ooouaa 

000089 

000090 

G0u09i 

00o092 

00U093 

OO0U94 

000095 

000096 

OOOU97 

OOoU98 

00(j099 

OOOiOO 

OOOlOl 

000i02 

000103 

000104 

000105 

000106 

OOqIO? 

000106 

OOoi09 

OOoilO 

OOoill 

oooiia 


000 

DATA N 

000 

C++* 

000 

c*** 

OOl) 

c*** 

000 

c**+ 

000 

10 format 

000 

12 format 

000 

20 format 

000 

30 FORMAT 

oou 

310 format 

000 

1 

000 

2 

000 

320 format 

000 

1 

000 

2 

000 

3 

000 

330 format 

OOQ 

1 

000 

2 

OOl 

3 

coo 

4 

000 

5 

000 

o 

000 

7 

ooo 

8 

000 

350 format 

oou 

410 format 

ooo 

1 

OOu 

2 

ooo 

3 

ooo 

4 

000 

5 

OOU 

412 format 

oou 


OOu 

C4: + * TIi 

oou 


ooo 

AT(J) 

ooo 



Nl£N0/4HEND / 


fokmat statements 


(20a4) 

(iHi»/t5(4H* ♦ ) ,2Xf 20A4,2X»5(4H+ + )»//) 

(6Ib»5£10.0) 

(6E10.0) 

{30Xr35HTEMPERATUR£ SHIFT FACTOR PARAMETERS ,//» 27X » 

24HREFERENCE TEMPERATURE = ^F4.0,15H DEGREES K£LVlNr/46X» 

5HTA = fF10,6»/»40X»ilHEXPONENT = »F10.6,///) 

(50Xf20HCUH\/E-FiT PARAMETERS »//» 32X » 20HREAL PART OF MODULUSDYN08700 
f lOXf 25HIMAGINARY PART OF MODULUS »//» 31X » 14HC0EFFICIENT = DYN08800 
,F9,4i9X»14HC0EFFlCIENT = F9, 4 » /, 34X » IIHEXPONENT = fF9,4» 
12X»11HEXP0NENT = fF9.4,//) 

(3&X»46HLAB0RaT0RY DATA COMPARED WITH CURVE-FIT RESULTS t 
//,36Xf24HREFERENCE TEMPERATURE = »F4.0f9H OEOREES t 


DYN07500 
***DYN07600 
***DYN07700 
•*:+*DYN07a00 
***DYN07900 
DYNOSOOO 
OYN08100 
DYN08200 
DYN08300 
OYN08400 
DYN08500 
DYN08600 


6HKELVIN,///,20Xf20HREAL PART OF MODULUS , 38X , 9HIMA6INARY 
16h PARI OF modulus »//» 6X I 19HTEMP£RATURE-REDUCEDr7X 
7 H(viODULUS f 13X » 7HM0DULUS » 7X f 19HTEMPERATURE-REDUCED » 7X » 
7HM0DULUS » 13X r 7HM0DULUS » / , liX , 9HFRE0UENC Y , 14X » 3HLAB » 14X » 
9HCURVE-FIT » HX » 9HFRE0UENCY » 14X » 3HLAB f 14X , 9HCURVE-FIT » / » 
l4Af4H(HZ) f 13X,9H(KN/M**2) r IIX # 9H (Ki J/M**2 ) »14 a» 4H(HZ) 
9H(KN/M+*2) f llX.9h(KN/|v|+*2) »//) 

(6(bX>El5.oJ ) 

(40Xr40HCALCULAT£D VISCOELASTIC DYNAMIC RESPONSE ».//» 5X » 

5X , 1 IHTEMPERaTURE f lOX » 9HFREQUENC Y » 6X , 12HTLMPERATURE“ » 
VHREDUCED 1 8 X # 4HREAL » 14X » 9HI MAGI NAR Y ♦ 13X » 4HlOSS , / » 5lX ^ 
9HFREQUENCY 1 12X 1 7HM0DULUS tl5Xt 7HM0DULUS > 13/ f 7h TANGENT t / 1 
7Xf 16H (DEGREES KELVIN) fllXr4H(HZ) f 16Xf4H(HZ) 

9H(KN/M++2) f llXi9H(KN/M**2) »//) 

(//) 

IE - TEMPERATURE SHIFT FUNCTION 
: C (TR-TA)/(TEMP(J)“TA) )+*TM 


DYN08900 
OYN09000 
OYN09100 
OYN09200 
»DYN09300 
DYM09400 
DYN09500 
DYN09600 
DYN09700 
»l3XfDYN09800 
DYN09900 
DYMIOOOO 

dynioioo 

DYN10200 
DYN10300 
OYN10400 
DYN10500 
DYN10600 
DYN10700 
*+*DYN10800 
***DYN10900 

***dyniiooo 
dyniiioo 

***dYN11200 


:<^epeoducibility oe tub 

0EIG1NAL PAGE IS POOR 



e-20 


00 d 113 

OOOJ.14 

000115 

OOoii6 

00uil7 

OOullB 

OOoilS) 

oooiao 

000121 

OOU122 

Q0U123 

00Ui2^ 

00U125 

000126 

000127 

0'00128 

000129 

OOU130 

000131 

00 qx 32 

00Ux33 

OOUiS^ 

OOUi35 

OOU13b 

000137 

000138 

00U139 

OOOIHO 

00U141 

00U142 

000143 

00U144 

000145 

00U146 

000147 

00ux48 

000149 

OOOlbO 


000 


000 

C++* 

000 


000 


OOU 


000 


000 


000 

1 

OOu 


000 


000 


000 


000 

C + + * 

000 


000 


000 


OOu 


000 


000 


000 


OOU 


OOu 

L + ** 

000 


OOU 


OOU 

100 

000 


000 


GOO 


oco 


GOu 


000 

200 

000 


000 


OOU 


000 


000 

220 

000 


000 



DEFINE INPUT/OUTPUT UNITS 

IKEaD = 5 
IWhiTE = 6 

K£AD UOb INFORMATION 

Reae (IREAD^IO) U71TLE(I)» I=1»20) 

IF (XTlTLE(i) .EQ. NEND) CALL EXIT 
WRITE <Iv/HlTEfl2) (ITITLE(I)>I = 1»20) 

REAu { IREAU » 20 ) NRF IN . NRFOUT * NRTEMP » MI F IN N i IFOUT t M ITEMP » TR » T A 

INITIALIZE parameters 

EKZERO = 0,0 
EiZERO = 0.0 
NRlXP = 0,0 
NIEXP = 0.0 

IF (fiRFIN .EG, 0) SO TO 100 

REaL (IREAU»30) (RMODiDr I=lfNRFIN) 

RLmL (IREAUfSO) (RFREQ(I)f I=lfNRFlN) 

caul CURVIT (RMOO»F<FREQrNRFIN»£RZEROrNREXP) 

IF (NIFIN .EG. 0) bO TO 200 

RLaL (iR£AD»30) (IHOd(I)» l = l»i'4lFIN) 

REaD (lREADr30) (IFREQ(I) » I=iiNlFIN) 

CALL LURVn (IlviODf iFREQ»NIFINfEIZERO>MIEXP) 


IF (NRFIN .EG. 0 ,mND. NIFIN .EG, 0) 

read (1REA0»30) ERZEROf NRE aP»EIZERO»NIEXP 
(NRTEMP .EG. 0) GO TO 220 

(RTEMP(I)f I=1»NRTEMP) 
(RFREQoa)f I=i»NRFOUT) 

0) GO TO 300 
(ITEMP{I)» I=1»NITEMP) 
(XFREQ0(I)» I=1»NIF0UT) 


IF 

READ aR£AD»30) 
READ { IREAU f 30) 
IF (MTEMP .eg. 
READ aREAD»30) 
read ( IREAU f 30) 


***DYNU300 
♦♦♦DYN11400 
DYN11500 
OYN11600 
♦♦♦DYN11700 
***DYN11800 
* »;=»c*DYNli900 
OYN12000 
DYN12100 
OYN12200 
TM OYN12300 
***DYM12400 
*++DYN1£500 
*ic*0YNl2600 
OYN12700 
DYN12800 
DYN12900 
DYN13000 
OYN13100 
DYN1320C 
DYN13300 
t+*DYN13400 
DYN13500 
♦+=«cdYN 1360C 
‘ 0YN1370C 
OYNiZaOO 
0YN13900 
+++DYM14000 
DYN14100 
+**DYN14200 
DYN14300 
DYN14400 
0YN14500 
•DYN14600 
OYN14700 
0YN14800 
DYN14900 
DYN15000 
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000151 

000 

C * 

000152 

000 

300 

000153 

000 


000154 

000 


000155 

oou 


OOOibfa 

oou 

C++* 

000157 

OOi 

C+++ 

000158 

000 


000159 

oou 


OOUIGO 

000 


OOoibi 

000 


00 olb 2 

coo 

333 

00olo3 

000 


00u164 

000 

• 

OOolbS 

oou 

335 

000166 

000 


000167 

ooo 

337 

000168 

oou 


00oi69 

oou 


000170 

ooo 

339 

000171 

000 

o40 

000172 

ooo 


000173 

OOu 


000174 

oou 


000175 

000 


000176 

ooo 


000177 

ooo 

343 

00’0178 

oou 


000179 

ooo 

04b 

<000180 

OOu 


000181 

oou 

c + 

000182 

oou 


00U183 

oou 

400 

OO 0 I 84 

ooo 


00(1185 

ouu 


00U186 

oou 


000187 

oou 



' -';?I10DUCBILITY OF THE 
wiUGINAL PAGE IS POOR 

WKiTE (Iv^Ri IEr310) TRrTArTM 

WRITE (IWRiTE»320) ERZERO r LIZERO » NREXP , MiE/P 

IF (NRFIfi .£G». 0 ,AND. NIFIN ,EQ. u) GO TO 400 

coimpare lab data With curve-fii results 

WRITE (lWRiTE,330) TR 
NN = )ViAXO(rjKFIiN>NIFIN) 

N = HRFIN - NIFIN 
IF (N) 33oio40»337 
UU 335 UrluMlFlN 
K = J + HREIM 
RFKLO(K) =0.0 
RiV|00(K) = 0«0 
&0 TO 340 

DO 339 J=l»NRf-IN ■ 

K = J + NIFIN 
IFREQ(K) = 0,0 

IMOD(K) = 0.0 
DO 34b K=:lrNN 

IF (RFkEO(K; .LE, ,lE-6) GO TO 343 
IF ( IFHEGIR) \LE. .lE-8) GO TO 343 
CAuCi = £Ri^LKO=^( (RFR£Q(K) )»*NREXP) 

CALC2 = El4ERO=t-( (IFREO(K) )t*NlEXP) 

GO TO 345 

Calc I = fcR^iERO 

CAlC 2 zz EIt.LRO 

"KITE (IWRil£;350) RpRLQ ( K > f RNOD ( K) ; C ALCl » IFREo ( K ) 

calculaJe dynamic response 

WRITE (Iv/RirF.;12) (iTlrLEIi); I =1^20) 
wRiTE ( Ii.vRiTE>410) 

IF (NRTEMP .cQ. 0) GO TO 450 
DO 430 J =i»NRrEMP 
TcMP(J) = RTEMP(J) 


**+DYN15100 

DYN15200 

DYN15300 

OYN15400 

♦♦+OYN15500 

♦♦♦OYN15600 

♦**DYN151O0 

DYN15800 

DYN15900 

DYN16000 

OYNIGIOO 

DYNlo200 

OYN16300 

OYN16400 

OYM16500 

OYN16600 

DYM16700 

DYN16800 

DYN16900 

OYN17000 
OYN17100 
OYM17200 
DYN17300 
DYM17400, 
DYN17500 
DYN17600 
OYM17700 
DYM17S00 
iMuD (K) ,CALC2 OYN17900 
♦♦+DYN18000 
***DYM18100 
***OYN18200 
OYN18500 
DYN18400 
DYN1S500 
DYN18600 
OYN18700 
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0001S6 

000189 

0OU190 

00U191 

000192 

00ul93 

00U194 

000195 

OOol9b 

000197 

000196 

00q199 

OOo^iOO 

00u<l01 

000k02 

000203 

000204 

0OQ205 

000206 

000207 

000208 

000209 

000210 

OOo2U 

000^:12 

00j213 

000214 

'00021b 

0002lfa 

000217 

000218 

' END ELT 

fiPEuTfL 

ELTUT7 

OOoOui 

000002 

000U03 

OOOU04 

000005 

000006 


000 

000 

QOO 

000 

000 

000 

000 

000 

000 

ooo 

000 

000 

ooo 

000 

ooo 

ooo 

ooo 

ooo 

ooo 

ooo 

ooo 

ooo 

ooo 

ooo 

oou 

ooo 

oou 

ooo 

ooo 

oou 

OOu 


DO 420 K = liNRFOUT 

REQF = Ar(d) ♦ RFR£QO(K) KEPRODUCIBILmr OP XHE 

IF (RFREOOtK) .LE. .lE-8) GO TO 405 ORIGINAL PAGE IS POOR 
CALC I = ERZERO*(REUF**NREXP) 

CALC2 = LIii£R0>(=(RE0F:4:*NIEKP) 

GO TO 4lS 

405 CALCl = ERZERO 
CAuC 2 = EIZERO 
4ib TAN = CALC2/CALC1 

420 WRITE (lWRlTE'»o50) RTEMP (J) » RFREQO (K )» REDF » CALCl > CALC2 r TAN 
WKIFE (IWRITE»412) 

430 COwlINUE 

450 IF (NiTEMP .EQ, 0) GO TO 500 
DO 480 J=lrNITEMP 
TEV(P(J) = il£MP(J) 

DO 460 K=lfNIFOUT 
REDF = AT(J) +IFREG0(K) 

IF UFREWOIK) ,LE. .lE-8) GO TO 453 
CALCi = ERZERO+(REDF>^i'NREXP) 

CALC2 = EIZERO*IREDF=t=*NIEXP) 

60 TO 457 

453 CAuCl = ERZERO 
CALC2 = EIZERO 
457 TAJ>I = CAUC2/CALC1 

460 WRITE {IWRirE>350) I TEMP (J) » IFREQO ( K ) j REDF » CALCl » CALC2 , TAN 
WRITE (IWRITE>412) 

480 continue 

500 GO TO 1 
C*** 

ENu 


DYN18800 

DYN18900 

DYN19000 

DYN19100 

DYN19200 

DYN19300 

DYN19400 

DYN19500 

DYH19600 

DYN19700 

DYN19800 

DYN19900 

DYN20000 

DYN20100 

DYN20200 

DYN2C300 

DYN20400 

OYN20500 

DYN20600 

DYN20700 

DYN20800 

DYN20900 

DYN21000 

OYN21100 

DYN21200 

DYN21300 

D1TN21400 

***DYN21500 

DYN21600 

^•‘♦♦DYNaiTOO 

OYN21800 


+DYNVlb*CUh\/IT 

RLId 70 0b/0b-ib;13;l3“(0» } 

000 SUbROUrit<E CURVIT (VaLUE»TYME»NT»COF»DN) 

OOU C 

OOO C + »+ + * + * + + + + + + + 

OOO c*** 

000 C*** THIS SUBROUTINE PERFORMS A LEAST-SQUARES CURVE-FIT OF 

000 C*** LABORmTORT data TO A TWO-PARAMETER POWER-LAW OF THE FORM: 


COROOIOG 

CUR00200 

***CUR0030C 

♦♦♦CUR00400 

♦♦♦CUR0050C 

+**CUR00600 



£2-a 


00U007 

000 




♦++CUR00700 

OOOUOfa 

oou 

C + + * 

E(T) = COF+T++DN 

+++CUR00800 

000 U 09 

000 

C++* 



+++CUR00900 

OOoOiO 

000 

C+++ 

THE iNPUTb ARE : 

♦++CUR01000 

OOOUil 

000 

C+++ 

TYME = VECTOR OF FREQUENCIES (TIMES) AT 

+++CUR01100 

000012 

000 

C+++ 


WHICH data is TO BE FITTED. 

+++CUR01200 

000013 

000 

C + + 

VALUE = VECTOR OF LAB DATA CORRESPONDING 

+++CUR01300 

000014 

000 

C++ 


TO TYME (I) » I =lfNT. 

+++CUR01400 

OOoOiS 

GOO 

C++ + 

NT = number of FRE(JUENCIES AT WHICH DaTA 

+++CUR01500 

OOoOib 

OCIO 

C+++ 


IS TO BE FITTED. 

+++CUR01600 

00UU17 

000 

C+++ 



+++CUR01700 

OO 0 O 18 

000 

C+++ 

THE OUTPUTS 

AKE: 

+++CUR01800 

00u019 

oou 

C +++ 

COF = COLFFICIENT IN THE POWER-LAW. 

+++CUR0190C 

OO 0 O 2 O 

000 

C + + + 

ON = exponent in THc. POWER-LAW. 

♦++CUR02000 

00u021 

ooo 

C +++ 



+ 5^; +++CUR02100 

OO 0 O 22 

OOu 


Oii-IENSIOH VaLU£( 20) fTYME(-20) fTM(20) » DG (20 > f TD ( 20 ) » TM2 (20 ) 

CUR02200 

OO 0 O 23 

OOo 

c 



CUR02300 

00oU24 

000 


TM (1) = ALOGdYMEU) ) 

CUR02400 

OO 0 O 25 

ooo 


DG (1) = ALOe ( VALUE (1 ) ) 

CUR02500 

00o02c 

OCIO 


ID (1) = ALOG( rYME(l) )+ALOG(VALUE(l) ) 

CUR02600 

OOoU^i7 

oou 


TM2 (1) = ALOG(TYML(i) )++2, 

CUR02700 

000028 

ooo 


DO JOO I=2m'jT 


CUR02300 

OO 0 O 29 

oou 


J = i-i 


CUR02900 

000030 

ooo 


rw (1) = tm(J) + 

ALOGUYMEd) ) 

CUR03000 

OOuOol 

OOO 


DG il) = DG(J) + 

AL0G(VALU£(I) ) 

CUR03100 

000032 

ooo 


TD (1) = Tu(J) + 

ALOG n YME ( I ) ) +ALOG ( value { I ) ) 

CUR03200 

000033 

ooo 

100 

TM2 (I) = IN2(J) 

+ ALOGdYMEd ) )++2. 

CUR03300 

000034 

GOO 

C 



CUR03400 

000035 

000 

c 



CUR03500 

000036 

ooo 




CUR03600 

000037 

oou 


Dtl = HTt‘TH2(NT)-Tf'-i(NT)++2, 

CUR03700 

00(j036 

ooo 


T1 = Db(ld)+TM2(NT)-TM(NT)+TD(NT) 

CUR03800 

000039 

oou 


T2 = HT+rD(uT)-DG(hT)*TM(NT) 

CUR03900 

000040 

ooo 


X = Tl/uLT 


CUR04000 

000041 

ooo 


COF — hXP { A ) 


CUR04100 

000042 

oou 


DN = T^:/UEr 


CURO 42 OO 

00u043 

OOu 

c 



CUR04300 

00^044 

ooo 


ReFuRN 

nUPEODTJCIBILOT 01^ 

(.ftlOINAL PAGE IS POO® 

CUR04400 

OOt)U4b 
ENu ELT. 

ooo 


ENU 

CUR0450D 


ENu ELT 
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OElI tL *DYNVIS,L)ATA 

ELT0T7 RHb70 05/08-15 ; 13 ; iH- ( 0 > ) 


OOoCGl 

000 

DYNAMIC VISCOELASTIC 

RESPONSE MODEL 

CHECK 

PROBLEM 

000002 

OOo 

'6 6 

1 3 

b 1 298, 


0000U3 

000 

23bb, 

4937. 

11860, 



000004 

OOu 

b * 

20. 

100. 



OOoOUb 

oco 

643, 

1675. 

7928, 



000006 

000 

6# 

20, 

100. 



00C007 

000 

29b, 





OOoOOfa 

000 

6 t 

10. 

15 , 

20. 

50 

00u009 

000 

29o, 





000010 

ooo 

6. 

10, 

15. 

20. 

50 

000011 

000 

dynamic VISCOELASTIC 

RESPONSE model 

CHECK 

PROBLEM 

000012 

ooo 

3 6 

1 3 

6 1 

298. 


000015 

OOU 

1675, 

3337. 

8687. 



000014 

ooo 

6 . 

20. 

lOO. 



000015 

000 

54b , 

1600. 

6819. 



000016 

ooo 

6. 

20. 

100. 



OOoul7 

000 

29o. 





000018 

OGu 

6 . 

10. 

15. 

20. 

50 

000019 

ooo 

296. 





000020 

ooo 

6, 

10. 

15. 

20. 

50 

000021 

OOu 

DYNAMIC VXSCOELASdC 

RESPONSE model 

CHECK 

PROBLEM 

000022 

OOu 

4 6 

4 


298. 

233 

000023 

ooo 

7940, 

iStiOO. 

26300. 48980, 


000024 

ooo 

1. 

10. 

100, 

1000, 


000025 

ooo 

255. 

2 77. 

298, 

322. 


00002b 

OOO 

1. 

3,5 

10. 

11. 

3b 

000027 

ooo 

END 






TP-H1123 PROPELLANT DATA 


100 . 

100 . 

H-13 propellant DATA 


100 . 

100 . 

UT 1-610 PROPELLANT DATA 
15. 

100 . 110 , 1000 


ENU ELT 
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»f**m****0 dynamic viscoelastic RESPONSE MODEL CHECK PROBLEM - TP-H1123 PROPELLANT DATA • x< 


temperature shift factor PARAMETERS 

REFERENCE TEMPERATURE = 298, DEGREES KELVIN 
TA = ,000000 

EXPONENT ¥ ,000000 


CURVE-FIT PARAMETERS 



REAL PART OF 

MODULUS 

imaginary part of modulus 



COEFFICIENT := 

874,9008 

COEFFICIENT = 129,5722 



EXPONENT = 

.5686 

EXPONENT = ,8930 



laboratory data compared 

WITH CURVE-FIT RESULTS 



REFERENCE 

TEMPERATURE = 

298. DEGREES KELVIN 


REAL part 

OF MODULUS 


IMAGINARY 

PART OF MODULUS 

tlmperatuke-reduceo 

MODULUS 

modulus 

TEMPERATURE-REDUCED 

modulus 

freouency 

LAB 

CURVE-FIT 

freouency 

LAB 


(KN/M++2) 

(KN/M++2) 

(HZ) 

(KN/M**2) 

,600000+01 

,236o00+04 

,242326+04 

,600000+01 

.643000+03 

,200000+02 

,493700+04 

,480506+04 

,200000+02 

.187500+04 

,100000+03 

.118bU0+05 

.119983+05 

.100000+03 

,792800+04 


MODULUS 

CURVE-FIT 

(KN/M**a) 


,641639+03 

,188093+04 

,791729+04 
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Eia?RODUCIBr/TY OF THE 
OEIG1NAL PAG/J IS POOR 


DYNAMIC VISCOELASTIC RESPONSE MODEL CHECK PROBLEM - TP-H1123 PROPELLANT DATA • *****t**** 


calculated VISCOELASTIC DYNAMIC RESPONSE 


TLMPc-HaTURE 

FREuUENCY 

TEMPERATURE-REOUCEO 

REAL 

imaginary 

LOSS 



FREOUENCY 

modulus 

MODULUS 

TANGENT 

{DE6»KEeS KELVIN) 

(HZ) 

(HZ) 

(KN/M**2) 

(KN/M**2) 


,«:9dOOO+OJ 

,600000+01 

,600000+01 

,242326+04 

,641839+03 

,264866+00 

,29ti000+03 

.100000+02 

.100000+02 

,323995+04 

.101285+04 

,312612+00 

,29d000+03 

,150000+02 

.150000+02 

,400001+04 

,145479+04 

,356565+00 

,29dOUO+03 

.200000+02 

,200000+02 

,480506+04 

,108093+04 

,391449+00 

,29d000+03 

,500000+02 

,500000+02 

,809020+04 

,426331+04 

,526972+00 

,2gafj00+03 

.100000+03 

' ,100000+03 

,119983+05 

,791729+04 

,659869+00 


,298000+03 

,600000+01 

,600000+01 

,242326+04 

,641839+03 

,264866+00 

,298000+03 

,100000+02 

,100000+02 

,323995+04 

.101285+04 

.312612+00 

,2980UO+Gj 

,150000+02 

,150000+02 

,408001+04 

,145479+04 

,356565+00 

,298000+03 

.2UOOOO+02 

,200000+02 

.480506+04 

, 188093+04 

.391449+00 

.298000+03 

.500000+02 

,500000+02 

,809020+04 

,426331+04 

,526972+00 

,298000+03 

,100000+03 

.100000+03 

.119983+05 

,791729+04 

,659869+00 
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«««««:(>*«« DYNAMIC ViSCOtLASTIC RESPONSE MODEL CHECK PROBLEM 


H-13 propellant DATA 




temperature shift factor parameters 

REFERENCE TEMPERATURE = 293. DEGREES KELVIN 
TA = ,000000 

exponent = ,000000 


CURVE-FIT parameters 


REAL PART OF MODULUS 

COEFFICIENT = 583,2573 

EXPONENT = ,5856 


imaginary Part of modulus 

COEFFICIENT = 108,8253 

EXPONENT = ,0982 


LABORATORY DATa COMPARED WITH cURVE-FIT RESULTS 
reference TEMPERATURE = 298, DEGREES KELVIN 


REAL Part 

OF MODULUS 


imaginary 

part OF MODULUS 


TEMPERaTURE-REDUCEO 

FRtuUENCY 

(h2) 

MODULUS 

LAB 

(KN/M»+2) 

MODULUS 

CURVE-FIT 

(KN/M*+2) 

temperature-reduced 

frequency 

(HZ) 

MODULUS 

LAB 

(KN/M**2) 

MODULUS 

CURVE-FIT 

(KN/M++2) 

,600000+01 

,200000+02 

,100000+OJ 

,1675500+0^ 

,333700+04 

,868700+04 

.166542+04 

,337061+04 

,664982+04 

,600000+01 

,200000+02 

,100000+03 

,545000+03 

.160000+04 

,681900+04 

,544J1‘*+03 

.160456+04 

,601071+04 
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dynamic viscoelastic RESPONSE MODEL CHECK PROBLEM 


- H-I3 PROPELLANT DATA » *****^.ne** 


calculated VISCOELASTIC DYNAMIC RESPONSE 


TEMPERATURE 

FREClUENCY 

TEMPERATURE-REDUCED 

REAL 

IMAGINARY 

LOSS 



frequency 

MODULUS 

MODULUS 

TANGENT 

(OEOREES KELVIN) 

(HZ) 

(HZ) 

(KN/M**2) 

(KN/M**2) 


.296000+03 . 

,b00000+01 

.600000+01 

,166542+04 

,544114+03 

.326712+00 

,29t4000+03 

,100000+02 

.100000+02 

.224612+04 

,860916+03 

.323290+00 

,290000+03 

.150000+02 

,150000+02 

,264605+04 

,123917+04 

.435095+00 

.29O000+03 

,200000+02 

,200000+02 

,337061+04 

,160456+04 

.476044+00 

,290000+03 

.500000+02 

,500000+02 

,57o411+04 

,365424+04 

.633966+00 

,290000+03 

,100000+03 

,100000+03 , 

,864982+04 

,681071+04 

.787381+00 


,29oo00+03 

.600000+01 

,600000+01 

,166542+04 

,544114+03 

,326712+00 

,298000+03 

,100000+02 

.100000+02 

,224612+04 

,860916+03 

,383290+00 

,290000+03 

,150000+02 

.150000+02 

.284805+04 

,123917+04 

,435095+00 

.296000+03 

.200000+02 

.200000+02 

,337061+04 

.160456+04 

,476044+00 

,298000+03 

,500000+02 

.500000+02 

.576411+04 

,365424+04 

,633966+00 

,298000+03 

.100000+03 

,100000+03 

.864982+04 

,681071+04 

,787381+00 
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uYNAMIC VISCOELASTIC RESPONSE MODEL CHECK PROBLEM - UTl-610 PROPELLANT DATA 




temperature shift FACTOR PARAMETERS 

REFERENCE TEMPERATURE = 298, DECREES KELVIN 
TA = 233,000000 
exponent = 15,000000 


CURVE-FIT parameters 


REAL PART OF MODULUS 

COEFFICIENT = 7759,2130 
EXPONENT s ,2651 


IMAGINARY PART OF MODULUS 

COEFFICIENT = ,0000 

EXPONENT = ,0000 


LABORATORY DATA COMPARED WITH CURVE-FIT RESULTS 
REFERENCE TEMPERATURE = 298, DEGREES KELVIN 


REAL Part of modulus 


imaginary part OF MODULUS 


TEMPc.RaTURE-REUUCED 

modulus 

MODULUS 

temperature-reduced 

modulus 

frequency 

LAB 

CURVE-FIT 

frequency 

LAB 

IriZ) 

(KN/M++2) 

(KN/Mf*2) 

(H2) 

(KN/M*+2) 


MODULUS ' 
CURVE-FIT 
(KN/M*#2) 


,100000+01 

,794000+04 

.775921+04 

,000000 

,000000 

,100000+02 

,138000+05 

.775921+04 

,000000 

.oooooq 

,100000+03 

,283000+05 

.775921+04 

.000000 

,00000b 

,100000+04 

.489800+05 

.775921+04 

.000000 

,000000 


.000000 

.OOOpOO 

,000000 

,000000 



♦ dynamic viscoelastic Response model check problem - uti-61o propellant data • 


U3 

i 

CO 


calculated viscoelastic dynamic response 


TE.MPtKATURE 

FHE(iUENCY 

temperatore-keouced 

FREQUENCY 

REAL 

MODULUS 

imaginary 

MODULUS 

LOSS 

TANGENT 

{OEohEtS KELVIN) 

(H/) 

(HZ) 

(KN/M*<*2) 

(KN/M++2) 


,255000+03 

,100000+01 

.114120+08 

,576092+06 

,000000 

.000900 

,250000+03 

,350000+01 

.399418+08 

.802983+06 

.000000 

,000000 

,255000+03 

.lOOuoO+02 

,114120+09 

,10o062-*-07 

,000000 

.OOOQOO 

,250000+03 

.110000+02 

.125532+09 

,l0u775+07 

,000000 

,000900 

.255000+03 

,350000+02 

,399418+09 

,147834+07 

,000000 

.OOOQOO 

.255000+03 

.100000+03 

.114120+10 

.195266+07 

,000000 

,000000 

,255000-* 03 

,110000+03 

.125532+10 

,200262+07 

,000000 

.000000 

,255000+03 

,100000+0+ 

.114120+11 

,359495+07 

,000000 

.000000 


,277000+03 

,100000+01 

,348265+03 

.366096+05 

,000000 

.OOOQOO 

,27/000+03 

,350000+01 

,121893+04 

;510201+05 

,000000 

.000000 

,277000+05 

,100000+02 

,348265+04 

,674003+05 

,000000 

.OOOQOO 

.277UU0+03 

.110000+02 

.383092+04 

,691247+05 

,000000 

.OOOQOO 

,277000+03 

,350000+02 

,121893+05 

,939455+05 

,000000 

.000000 

,277000+03 

,100000+03 

.348265+05 

.124088+06 

,000000 

,000000 

,277000+03 

,1100u0+03 

,383092+05 

.127263+06 

,000000 

,000000 

,277000+03 

,100000+04 

,348265+06 

.228452+06 

,000000 

.000000 


% 




,£9tiUUu+0i 
,£9ti0U0 + 0>$ 
,29tlU00+03 
,29tJU0O+0.i 
,29{J0(J0 + 03 
,<iyt)yoo+oj 
,£9c>UllO + 0J 
,e;9tiuuO+OJ 


,3<;iiUOO+0^ 
,32t000+03 
,32£u00+0^ 
,i«;<iOU0 + 0J 
, J22U00+03 
,32cuU0t03 
.322OUO+03 
,34:2000 + 03 


, 100000+01 

,100000+01 

,775921+04 

,000000 

,000000 

,350000-* 01 

,350000+01 

,108151+05 

,000000 

•OOOQOO 

.1O00O0+02 

.100000+02 

,142851+05 

,000000 

.000000 

,110000+02 

,110000+02 

,146506+05 

,000000 

.000000 

,350000+02 

,350000+02 

,199113+05 

,000000 

.000000 

. 100000-*-03 

.100000-^03 

,262998+05 

,000000 

.OOOQOO 

',110000+03 

,110000+03 

,269727+05 

,000000 

,000000 

.100000+04 

,100000+04 

,484194+05 

,000000 

.OOOQOO 


100000+01 

.897119-02 

,222426+04 

,000000 

.OOOQOO 

350000+01 

.313992-01 

.310027+04 

,000000 

.OOOQOO 

100000+02 

,897119-01 

.409499+04 

,000000 

.000000 

110000+02 

.986831-01 

,419976+04 

,000000 

,000000 

350000+02 

.313992+00 

.570776+04 

,000000 

.000000 

luOOOO+03 

.897119+00 

,753911+04 

,000000 

.000000 

1100UO+-03 

.986831+00 

,773200+04 

.000000 

.000000 

100000+04 

.897119+01 

.138799+05 

,000000 

.000000 
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